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� : Kerr nonlinearity

�2 : group velocity dispersion

t : time in a reference frame co�moving with the pulse

z : propagation coordinate along the fibre
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The NLSE for optical fibres 



Modulation Instability (MI) in the NLSE 

In the focussing case (anomalous dispersion regime 
for fibres)a powerful monochromatic wave (pump/
condensate) is unstable with respect to 
perturbations oscillating at frequencies 
symmetrically detuned by ±Ω resulting in wave 
destruction and sidebands amplification   

N. Bogoliubov, Journal of Physics 11, 23 (1947) 
T. Benjamin and J. E. B. Feir, J. Fluid Mechanics 27, 417–430 (1967)  
V.E. Zakharov and L.A. Ostrovsky Physica D 238, 540-548 (2009)  
 

MI is ubiquitous due to the universality of the 
NLSE and its generalised forms: it occurs in 
hydrodynamics, photonics, plasmas, Bose-Einstein 
condensates… 

MI is related to:  
FPUT Recurrences, solitons, turbulence, rogue waves…  



As =
p
Pei�Pz

g(⌦) = |�2⌦|
p

(⌦2
c � ⌦2)⌦c =

s
4�P

|�2|
|⌦| < ⌦c

A(z, t) = As

⇥
1 + a+(z)e

�i⌦t + a�(z)e
i⌦t

⇤

Linear Stability Analysis 

@A

@z
= �i

�2

2

@2A

@t2
+ i�|A|2A

Perturbed homogeneous solution 

Subsitution into NLSE and linearisation with respect to a 

MI gain Critical frequency 
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Spectral evolution Time evolution 



MI application: optical parametric amplifiers 



Losses: a stabilising factor? 
Focussing NLSE Defocussing NLSE 

Symmetric losses Symmetric losses Asymmetric losses Asymmetric losses 

Asymmetric losses for signal and idler waves destabilise the homogeneous solution  



Gain through losses concept 
 

A. M. Perego et al. Light: Science & Applications 7, 43 (2018) 



energy transfer from the pump field to the spectral region of losses 
(signal) and to the symmetric one (idler) 

 

Gain through losses: basic amplifier  
Theory: linear stability analysis Simulations 

Distributed  
filters 
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Imaging of spectral losses into gain 

Concatenated fibres with lumped filters 
 

The filter’s shape is mapped 
 into the gain profile 

HNLF fiber 

filter 

input (CW) output 

A. M. Perego et al. Light: Science & Applications 7, 43 (2018) 
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Quadratic nonlinearity medium (OPO) 

Gain induced  
by loss asymmetry 
outside of  
phase-matching 



Some key works (photonics+BEC) 



 
OFC:  
Set of coherent equally spaced in frequency laser lines 
 

 
2005 Nobel Price for Physics to Hall and Hänsch 
 

Applications:  
Powerful tool for metrology, spectroscopy, optical clocks, molecular 
fingerprinting, exoplanets search, optical communications and more 
 
Sources: 
Mode-locked lasers, driven passive resonators (Kerr and quadratic 
nonlinearity), nonlinear optical fibres… 
 

 
 

Optical frequency combs (OFCs) 



Input: 
Monocromatic 
pump (single 
frequency fp) 

Output: 
Frequency comb: 

Repetition rate fp-fl 

Spectral filter: 
It induces losses around frequency fl 

Frequency 	fp	

Frequency 	fl	

Frequency 

Frequency 

-Changing pump and filter relative frequency position we control OFC repetition rate! 
 
-We can have selective sidebands amplification (unlike standard parametric amplification) 

Application for OFC generation 

Nonlinear 
resonator 
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Normal dispersion fibre resonator with 
intracavity Fibre-Bragg-Grating filter	

Experimental setup 

Filter phase profile induced by frequency 
dependent losses through Kramers-Kronig 
relations!	

�2 = 0.5 ps2km�1 � = 2.5 W�1km�1 L = 104 m



Theory: Ikeda map 
Propagation: 
 

Boundary conditions: 
 

Filter: 
 

Pump Coupler loss 

Detuning 

Filter 

Kerr  GVD 

Hilbert transform 

Frequencies that are amplified 
should satisfy the following 
phase-matching condition: 

Even part of the 
filter-phase 

Asymmetric losses for signal and idler waves induce a frequency 
dependent phase enabling wave amplification!  

Filter phase 
plays key role 
in the gain 
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Zoom on the first comb sidebands 

By changing the detuning between pump and filter frequency we can control 
the comb line spacing: e.g. using a tuneable laser for pumping 

Tuneability 



Generalised Lugiato-Lefever equation 

Condition for sidebands 
amplification & OFC formation 

Motivation: A meanfield 
model simplifies the 
description of propagation 
e q u a t i o n & b o u n d a r y 
conditions and enables 
extracting analytical 
information too. 

loss detuning filter loss filter phase 

injection 

nonlinearity dispersion 

injection output 

filter 

A.	M.	Perego,	A.	Mussot	and	M.	Conforti,	Theory	of	filter-induced	modulation	instability	in	driven	passive	optical	
resonators,	Physical	Review	A	103,	013522	(2021)	



Converse symmetry breaking 
“the scenario in which complete synchronization is not stable for identically coupled 
identical oscillators but becomes stable when, and only when, the oscillator parameters 
are judiciously tuned to nonidentical values, thereby breaking the system symmetry to 
preserve the state symmetry.” 

t

Predicted for a set of coupled oscillators 

Demonstrated experimentally with electromechanical oscillators, it enhances stability and 
synchronization in various systems including in power grids! 



Kerr nonlinearity: 
Purely dispersive asymmetry example 

Diversity parameters 
Eigenvalues (LSA of CW solution) 

Are symmetric/invariant 
under the transformation if 

Like in the previous OFC example we assume that asymmetric losses induce a 
frequency dependent phase-shift which rules the amplification dynamics  
(we neglect losses - Re(D)=0 - but keep the phase terms – Im(D) -) 

ȧ = i⌦a



Locking associated to wave amplification 

		
Diversity(D- ≠0) 
enables locking 
and amplification 



Quadratic nonlinearity (OPO): 
Purely dissipative asymmetry example 
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Are symmetric/invariant 
under the transformation if 

(As,i ! A⇤
i,s, i ! �i)

Eigenvalues (LSA) 

Diversity(d- 
≠0) enachances 
l o c k i n g a n d 
amplification 
area 

		



Coupled optical waves in medium 
 with asymmetric spectral response 

�� = constant

Space 

W
a
v
e
 
 

a
m
p
l
i
t
u
d
e
 

Stable symmetric synchronized state 

Symmetric amplification  
via synchronization 

Heterogeneous set of 
coupled oscillators 

Asymmetry/Diversity  
Symmetric phase-locked state 

(i) 

(ii) 



Future  
directions 

Multimode  
amplification 

Multimode CSB 
in disordered 

photonic systems 

Path to  
turbulence 

Miniaturisation for 
 photonic applications 

Systems beyond 
 photonics 



Conclusions 

Asymmetries enable wave amplification in nonlinear 
dispersive systems described by universal formalism 

We can engineer dissipation, and “gain from losses”, 
developing novel photonic technologies 

Asymmetries may enable synchronisation in scenarios where 
symmetry prevents it 
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