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Outline

Overall aim ςpersonalized calibration of a spatially extended model, from 
sparse and noisy measurements.

ÅSome background, and why the application is important. 

ÅInterpolation of uncertain measurements over a manifold.

Å(Calibration of model based on measurements.)

Å(Interpolation of model parameters over the manifold.)

ÅNext steps

(Validation and verification are topics for another day!)

INI Feb 2022 (c) University of Sheffield 2022



Background

ÅHeart is an 
electromechanical pump

ÅAbnormal formation or 
propagation of electrical 
activity is an arrhythmia.
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Background

ÅHeart is an 
electromechanical pump

ÅAbnormal formation or 
propagation of electrical 
activity is an arrhythmia.

ÅAtrial fibrillation (AF) is the 
most prevalent arrhythmia.

ÅPersistent AF can be treated 
by radiofrequency ablation.
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Atrial fibrillation
ÅAtrial fibrillation in patients is frequently 

sustained by activity in the left atrium.

ÅRF ablation in the LA can suppress AF.

ÅAim to predict success from personalised
model of left atrial electrophysiology.
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ÅCalibration (personalisation):
ÅPace at different locations, with different S1                  

and S1S2 intervals.

ÅSparse measurements of local activation time      
(LAT)  and effective refractory period (ERP).

ÅInterpolation of measurements over LA mesh.

ÅIdentification of parameter fields.

Image from Coveney et al IEEE Trans Biomed 
Eng2019 10.1109/TBME.2019.2908486

https://doi.org/10.1109/TBME.2019.2908486


Model of electrical activation
ÅVery simple phenomenological model of human atrial electrophysiologyς

Corrado, Math Biosci2016 https://doi.org/10.1016/j.mbs.2016.08.010

Å2 states: Vm and h.

Å5 parameters: D, tauin, tauout, tauopen, tauclose(Vgate fixed, Jstim stimulus).

ÅLƴ ǘƘŜ ŎƭƛƴƛŎŀƭ ǎŜǘǘƛƴƎΣ ǿŜ ŎŀƴΩǘ ƳŜŀǎǳǊŜ ŜƛǘƘŜǊ Vm or h, but we can indirectly 
estimate conduction velocity (CV) and action potential duration (APD).

ÅNeed to characteriseCV and APD at different pacing rates ςrestitution.
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Key ideas

ÅElectrical activity spreads over a manifold, modelled by reaction-
diffusion PDE.

ÅWe can generate (stationary) mesh from medical images.

ÅCardiologist can make limited measurements of local activation times 
(LAT) and action potential duration (APD); these are uncertain.

ÅWe wish to use these measurements to infer model parameters.

ÅThen sample these parameters to run simulations that can be used to 
predict treatment outcomes.
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Uncertainties and challenges
Sources of uncertainty in the calibration process include:
ÅAnatomical mesh ςthe atria move, and imaging is associated with uncertainty. See Corrado

et al Medical Image Analysis 2020 https://doi.org/10.1016/j.media.2019.101626
ÅRegistration of anatomical mesh (MRI) and location of recording catheters (mapping 

system).
ÅNoisein electrograms limits measurement of local activation time (LAT).
ÅDiscrepancybetween model and real system.
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Challenges for models in the clinical setting :
ÅInterpolation over a complex manifold ςŎŀƴΩǘ ǳǎŜ 9ǳŎƭƛŘŜŀƴ ƻǊ ǎƛƳǇƭŜ ƎŜƻŘŜǎƛŎ ŘƛǎǘŀƴŎŜǎΦ
ÅSamplingposterior distributions when nonlinear operations are involved (CV ᶿ1/ LAT).
ÅIdentifiability of model parameters given available measurements.

https://doi.org/10.1016/j.media.2019.101626


Uncertain conduction velocity (1/LAT)
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See Coveney et al IEEE Trans Biomed Eng2019 10.1109/TBME.2019.2908486

Å Blue dots ςfiltered bipolar 
electrogram.

Å Green ςdifferentiated, rectified, and 
smoothed signal.

Å Red line is observed LAT t50.
Å Red dashed line shows t25 and t75.

Error model for LAT observations
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Error model to account for misalignment of mesh 
and catheter location
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LAT interpolation ς1 
ÅInitial approach used a simple 

Gaussian process
ὒὃὝ●ͯ꞉ ●πȟὧέὺ●ȟע

ÅBut Euclidian distances are not 
appropriate for covariance.

ÅGaussian Markov Random 
Fields allow Gaussian field to 
be represented on the mesh 
probabilistically.

ÅVariance accrues from (i) 
uncertainty in LAT, and (ii) 
uncertainties in interpolation.

ÅBigger variance in regions with 
lower recording density.
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Coveney et al IEEE Trans Biomed Eng2019 10.1109/TBME.2019.2908486

Example LAT map showing posterior mean and variance based on patient data. 
Spheres show LAT observations. Sphere sizes increase with observation variance.

https://doi.org/10.1109/TBME.2019.2908486


LAT interpolation ς2 
ÅRefined approach with kernel 

spectral density and 
eigenvectors/values of 
Laplacian on atrial manifold.

ÅLAT is a GP 

ÅPrecompute first 16  
eigenvectors/values of the 
Laplacian.

ÅLearnwightsfrom uncertain 
observations of LAT.

ÅGPMI ςGaussian process 
manifold interpolation.
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Coveney et al Phil Trans Royal Soc A 2020https://doi.org/10.1098/rsta.2019.0345

Example LAT map showing posterior mean and variance of LAT recovered from 
simulation. Spheres show recording locations. Arrows indicate gradients of LAT

https://doi.org/10.1098/rsta.2019.0345


Uncertain CV
ÅNot straightforward because of 

nonlinearity:  ὅὠθ ρȾɳὒὃὝ

ÅRegions where ɳὒὃὝis small (e.g. 
wave collisions) produce large CV 
ǘƘŀǘ Ŏŀƴ ǘŜƴŘ ǘƻ қΦ

ÅPosterior mean of ρȾɳὒὃὝcan be 
used to generate mean CV at centre
of each mesh triangle.

ÅSampling (2000 samples) can be 
used to obtain percentiles of ɳὒὃὝ, 
which can be inverted to determine 
uncertainty in CV.
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Coveney et al Phil Trans Royal Soc A 2020https://doi.org/10.1098/rsta.2019.0345

Example CV map showing posterior mean and IQR of CV recovered 
from simulation.


