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Soft particulate gels

EDG, Stress Localization in Soft Particulate Gels, 
Encyclopedia of Complexity and Systems Science, Springer 2021

Casein gel

emerges from localized stress patterns with non-
trivial geometry (Nampoothiri et al. 2020). Fur-
thermore, due to the predominantly enthalpic
nature of the gel networks, thermal fluctuations
play a much reduced role in the elasticity, and
connectivity through the sample is not sufficient
to guarantee a solid-like, elastic response (Fig. 2).

Large colloidal aggregates can be still non-
rigid, just like a floppy but fully connected fishing
net, and a rigid percolating backbone, satisfying
the constraints of mechanical equilibrium, must
be present for a solid-like response to emerge.
Therefore, while microscopy and spectroscopy
imaging techniques often provide quantitative
and multiscale insight into the morphology of
the aggregates that compose the gel, one still
needs to combine it with information on the topol-
ogy of the larger scale particle assemblies and on
the forces that act as mechanical constraints on the
gel units, to gain access to the part of the structure
that is rigid and load-bearing.

Different aggregation paths, that can become
available by varying the gelation conditions, can
favor or not the development of various types of
mechanical heterogeneities, where rigid structures
coexist with, or are interspersed in, floppy or
softer regions. The presence of such mechanical
heterogeneities, often not recognizable from

structural and morphological heterogeneities,
translates into stress and strain localization when
the material is deformed or under load, or into
prestressed states that will evolve due to thermal
fluctuations, under deformation or changing
boundary conditions. The understanding of the
emergence of rigidity and of the role of stress
localization in the mechanics of particulate gels
has just started, but it is clearly key to designing
and expanding their performances and functions.

The remainder of the chapter tries to provide an
overview of the fundamental physics understand-
ing of these soft particulate gels, and in particular
of how stress localization emerges as the central
ingredient controlling their mechanics, in spite of
the softness and deformability of these materials.
I start by discussing briefly how microstructural
heterogeneities can emerge during gelation,
depending on the microscopic forces at play, pro-
moting frozen-in stresses in Section 2. Micro-
scopic processes and heterogeneities enter
rigidity and elasticity, as briefly outlined in
Section 3. Section 4 gives a concise account of
ideas for microscopic processes at rest and under
an external load. Finally, Section 5 contains an
outlook of the outstanding questions and new
research paths.

Stress Localization in Soft Particulate Gels,
Fig. 1 Solid networks in soft particulate gels. Left: col-
loidal particles in a colloidal gel from (Whitaker et al.
2019. Reprinted with permission. Creative Commons
license available at https://creativecommons.org/licenses/
by/4.0/.). Center: SEM image of casein gels which are the

basis of yogurt products ((Kalab et al. 1983). Reprinted
with permission. Creative Commons license available at
https://creativecommons.org/licenses/by/4.0/.). Right (top
and bottom): Confocal reflectance images of gels of colla-
gen fibrils obtained at different temperatures from (Burla
et al. 2020).
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Colloidal gel
Whitaker et al.
Nature Comm. 2019 

Casein gel
Kalab et al. 

Food Microstr.1983

See also batteries materials, biological scaffolds and matrices, clays gels, ceramics…    

Cement hydrate gel
EDG et al.
EPJST 2014



Casein gel

Colloidal gels 

b

Anderson & Lekkerkerker, 

Nature 2002

1,~CK. Pooh et aL/Physica A 235 (1997) 110 119 113 

0.012 

0.008 

Cp 
(g/ore ~) 

0.004 

0.000 
0.00 

T 

&,S(e 1) 

N '",°T, , 
,Sm 31' 

, \ ~~'-,;.. T 2. 

i i l l l l l l l  J; FrlIIIIFIIII 
0.10 0.20 0.30 0.40 0.50 

Fig. 1. Equilibrium phase diagram of sterically stabilised PMMA colloids (R = 238nm) and polystyrene 
(Mw = 370000), the polymer to colloid size ratio is ~ ~ 0.08. The horizontal axis gives the colloid volume 
fraction ~ and the vertical axis gives the polymer concentration in grams per cm3: (~) single-phase fluid; 
(I-1) crystal-fluid coexistence. The approximate positions of the various boundaries mentioned in the text are 
sketched as guides to the eye. The equilibrium phase boundary cpq(¢) is in bold. Above the thin, continuous 
line, the non-equilibrium boundary c~peq(¢), various kinds of non-equilibrium aggregation behaviour is found: 
nucleation-like (N) between the non-equilibrium boundary and the dashed line, ct(¢), spinodal-like (S) 
between ctp(~) and the dotted line, c~p(~b), and transient gelation (T) above c~p(~b). Circled samples have 
been studied by small-angle light scattering. The subscript to the 'S' samples indicate the scaling dimensions 
d (see Eq. (3)) for those samples. 

gravity, leaving a well-defined boundary separating a colloidal fluid upper phase from 
a polycrystall ine lower phase. Again, particles in the colloidal fluid upper phase then 
settled under gravity over a period o f  several days. 

As mentioned above, crystallisation is suppressed in samples with polymer con- 
centration above a certain volume-fraction-dependent threshold - the 'non-equil ibrium 
boundary ' ,  cpeq(~)). In all samples with Cp Z cpeq and ~b ~< 0.3 particles settled under 
gravity, separated by sharp boundaries from clear supematant, at rates much greater 
than those o f  the colloidal fluids described above. However,  with increasing polymer  
concentration, these samples exhibited periods of  ' la tency '  before settling was notice- 
able. At the cessation o f  this rapid settling, all the particles appeared to be in the 
sediment, whose height suggested that it had a ramified structure. Over the course of  
weeks, this ramified sediment compactified further to a final height consistent with 
volume fraction Z 0.6, i.e. approaching random close packing. This compact sediment 
ult imately crystall ised after a few months. The latency period increases sharply with 
Cp and ¢,  so that samples with high polymer concentration or colloid volume fraction 
may never sediment over the duration o f  our observations. 

Poon, Pirie, Haw & Pusey,  

Physica A 1997

• From physical chemistry to  

microscopic forces and phase 

boundaries (ex. DLVO)

Gelation can be initiated by:

• Equilibrium phenomena: phase 

separation, microphase separation, 

hierarchical self-assembly …

• Non-equilibrium aggregation: 

diffusion limited processes, fractal 

growth…

Ultimately these gels result from frustration in the growth of larger scale structures that 

emerge from microscopic collective processes -> localized stress patterns
Are there general organizing principles for the mechanics of these structures?



Elasticity and rigidity

A. Zaccone, H. Wu and EDG, PRL 2009

Elasticity is mainly enthalpic
and connectivity or local coordination 
does not guarantee rigidity: role of 
rigidity percolation.

Different structures/lengthscales contributing to and 
controlling elasticity, depending on microscopic 
forces, aggregation paths, gelation kinetics, external 
forces …

EDG, Stress Localization in Soft Particulate Gels, 
Encyclopedia of Complexity and Systems Science, Springer 2021

S. Alexander, Phys. Rep. 1998; M. Sahimi, 
Phys. Rep. 1998; He & Thorpe, PRL 1985; 
Jacobs & Thorpe, PRL 1995; Broedersz et 
al., Nat. Phys, 2011

A sub-set of the elastic connections controls the elasticity

Source: Wikipedia



Emergence of rigidity2

of this one-dimensional structure on a two-dimensional
plane vanishes in the thermodynamic limit. As we show
below, spatial correlations originating from short-range
attractive interactions naturally prepare particles into
such types of structures, giving rise to rigidity at low
volume fractions.

For suspensions of attractive colloidal particles, struc-
tural correlations are often accessible in experiments and
well rationalized via statistical mechanics: fractal ag-
gregation models, cluster theories and density functional
theories provide good understanding of structural corre-
lations resulting from short-range attractive interactions
[30–32]. While for polymer gels it has been long un-
derstood that not all sub-parts of a gel are necessarily
rigid [33], for colloidal gels most of existing studies sim-
ply assume that all persistent clusters or sub-structures
are rigid, in spite of floppy, non-rigid clusters being ob-
served [34]. Hence gelation has been mainly discussed
in terms of the geometric percolation of such structures
and of the related particle localization [35–41]. Only re-
cent work has started to address specifically the rigidity
rather than just the connectivity [34, 42–47]. A clear
view of how the interplay between RP and particle local-
ization in the gel structure gives rise to colloidal gelation
has been therefore so far lacking. Our findings provide
a novel concept and rigorous theoretical framework for
understanding the emergence of rigidity in colloidal gels:
the rigidity of aggregates comes from the coordinated or-
ganization of many interacting particles rather than from
the fact that each single cluster is rigid.

Models and Methods – We use two models to investi-
gate the e↵ect of correlation on rigidity. We work in 2D,
to be able to use a very e�cient method for identifying
rigid clusters, the “pebble game” algorithm [5, 48], to ob-
tain the large numerical samples needed to analyze the
RP critical behavior. Nevertheless, all arguments (the-
oretical and phenomenological) extend to 3D. The first
model, which we name the correlated lattice model, is
a modified version of the site-diluted triangular lattice
model for RP [11]. Instead of randomly populating lat-
tice sites with a uniform probability, we put particles on
a triangular lattice according to the following protocol.
At each step, an empty site is randomly chosen, and a
particle is put on this site with probability

p = (1� c)6�Nnn (1)

where Nnn is the number of its nearest-neighbor sites
which are already occupied (0  Nnn  6) and c is a di-
mensionless constant controlling the correlation strength
(0  c < 1). We start with an empty triangular lattice
and repeat this process until a target volume fraction �l

is reached (subscript l denotes “lattice”), which relates to
the fraction of occupied sites f through �l ⌘ ⇡f/(2

p
3).

We then obtain a spring network where all nearest neigh-
bor pairs, if both exist, are connected. The limit of c = 0

a b

c d

FIG. 1. Examples of rigid cluster decomposition of the corre-
lated lattice model (�l = 0.6) at di↵erent correlation strengths
[c = 0 in (a) and c = 0.6 in (b)], and the attractive gel model
(�g = 0.6) at kBT/✏ = 0.4 in (c) and 0.1 in (d). Red parti-
cles belong to the largest rigid cluster, and other particles are
colored in gray. In both the correlated lattice model and the
attractive gel model, correlation/attraction induces rigidity
at volume fractions below the rigidity transition in the un-
correlated/repulsive limit. The rigid clusters percolate in (b)
and (d) where there is strong correlation/attraction, but not
in (a) and (c). The inset in (a) shows an extreme example
where particles are perfectly correlated (on a Warren truss)
and exhibit rigidity at � = 0 in thermodynamic limit.

corresponds to the classical RP with no structural corre-
lation (all sites occupied with the same probability).

The second model, which we name the attractive gel
model, is an assembly of interacting colloidal particles,
studied via molecular dynamics (MD) in 2D. The parti-
cles interact through a pairwise Lennard-Jones-like po-
tential which displays a short range attraction (of depth
✏) and a repulsive core [49, 50]. We generate configu-
rations at di↵erent volume fraction �g (subscript g de-
notes “gel”), and di↵erent ratios between the thermal
energy and the attractive well depth kBT/✏, by solving
the many-body Newton’s equations of motion in a square
simulation box with periodic boundary conditions. For
each particle configuration, we obtain the correspond-
ing spring network by assigning bonds between pairs of
particles of center-to-center distance 1.03� (the inflec-
tion point of the potential) or less. Further details of our
simulation protocol are included in the Supplement In-
formation (SI). We analyze the rigidity of all the spring
networks from the two models using the pebble game
algorithm [5, 48], which decomposes the networks into

S. Zhang, L. Zhang, M. Bouzid, D. Zeb Rocklin, EDG & X. Mao PRL 2019  

The correlations due to attractive interactions 
and associated density fluctuations help 
develop rigid structures that percolate even at 
very low volume fractions.
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FIG. 2. Snapshots from the entire gelation process reconstructed via particle-tracking of a typical sample close to the cluster-gel
line (� = 7.5 %, cp = 1 mg/g) using the salt-injection protocol. Particles are colored according to the size of the cluster they
belong to, going from blue for monomers to red for the percolated cluster.
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FIG. 3. Di↵erent regimes of gelation. (a) Phase diagram.
Experimental points are categorised based on the final state
obtained in the reservoir cell. The spinodal line is obtained
from free volume theory in polymer dilute regime. The dashed
line is the polymer overlap concentration in the free volume.
State points analysed in b and c are circled. (b) Growth
of the characteristic wave number. By increasing density:
� = 4.2, 8, 16, 27 %, cp = 1, 1.5, 1.2, 1 mg/g for ⌥, �, ⌅
and • respectively. The lines are possible scaling laws for
the intermediate coarsening regime. (c) Comparison of sys-
tem evolution in terms of largest cluster extent and of mean
coordination number for the same samples.

(� < 0.05) and high polymer concentration the parti-
cles condense into long-lived well separated clusters as
observed in [29]; in the rest of the explored phase space
we observe a long-lived space spanning network. In the

phase diagram we also plot the spinodal (continuous) and
the polymer overlap concentration (dashed) lines as ob-
tained from free-volume theory calculations [30]. Despite
the limitations of the theory, the agreement between the
spinodal line and our experiments is rather satisfactory,
with the only exception being the region of small col-
loidal volume fractions and high polymer concentration
(see, e.g., Ref. [8]).

To confirm whether the di↵erent samples follow
spinodal-decomposition kinetics, we compute the time
dependent static structure factor S(q, t). For all gel and
cluster samples, we observe the appearance of a low q
peak in S(q), see Supplementary Figure S1, which is
characteristic of spinodal decomposition in a system with
a conserved order parameter. Then, we compute the
characteristic wave number hqi and show its temporal
evolution in Fig. 3(b) for various colloidal volume frac-
tions. The curves for all samples follow a master curve
coherent with spinodal decomposition kinetics: At short
times hqi(t) shows a plateau indicating that the low q
peak builds up at a constant wave number correspond-
ing to distances of about 2�. This plateau is character-
istic of the early stage spinodal decomposition, which is
described by Cahn’s linear theory [9]. At intermediate
times, on the other hand, we observe coarsening with
hqi ⇠ t�↵, with an exponent ↵ which is compatible with
both ↵ = 1/3, typical of spinodal decomposition with-
out dynamical asymmetry between the two phases, and
↵ = 1/2, which is often observed in viscoelastic phase
separation (see, e.g., Ref. [17]). Due to the narrow range
of this power law regime and finite size e↵ects, we can-
not conclude definitely on the exponent value. Finally at
longer times each sample deviates from the master curve
to form a plateau indicating arrest. The more dilute
samples arrest sooner, but reciprocal space information
does not allow to identify whether the origin of arrest is
di↵erent between clusters and percolated networks.

See Valadez-Pérez et al., PRE 2013
Tsurusawa et al., Science Adv. 2019; 
K. A. Whitaker et al., Nat. Comm 2019

45 min

One way to interpret this result is that the structural
correlations we introduce in the model are a short range
feature. Although they shift the transition, the critical
scaling is controlled largely by the physics at large length
scales and is not sensitive to microscopic modifications. We
confirm this by measuring the critical exponents at different
c. In particular, we measure ν via fluctuations of ϕl;cðc; LÞ
over samples, Δϕ ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hϕl;cðc; LÞ2i − hϕl;cðc; LÞi2

q
, as well

as the fractal dimension of the giant rigid cluster at the
transitionMc ¼ hMðϕl;c; c; LÞi. We fit these quantities to
their finite-size scaling relations,

Δϕ ∼ L−1=ν; ð5Þ

Mc ∼ Ldf ; ð6Þ

where the fractal dimension relates to β by df ¼ d − β=ν
(here d ¼ 2 is the spatial dimension). Within error bars, ν
and β agree with those of the classical RP for every c (Fig. 2
insets).
The resulting phase diagram is shown in Fig. 3, with the

phase boundary determined from ϕl;cðc; L ¼ ∞Þ. We plot
the phase diagram in the ϕl vs 1=c plane for convenient
comparison with the attractive gel model, where we identify
the rigid gel states in the ϕg vs kBT=ϵ plane, since
correlations decrease as both 1=c and kBT=ϵ increase. In
the limit of 1=c → ∞ the transition reduces to the classical
RP, while the boundary shifts to lower ϕl as c increases

(as discussed above). However, when c is large (> 0.6) the
phase boundary bends back to higher ϕl (dashed line in
Fig. 3). The reason for this reentrant behavior is that very
strong correlations force the particles to aggregate into
densely packed blobs that do not percolate. This high c
limit would correspond to a separation of the colloid-dense
phase in an attractive colloidal suspension, rather than to
the colloidal gelation that takes place through dynamical
arrest and prevents the formation of disconnected droplets
[51,56,59]. To better capture gelation, we add a correction
for strong correlation: a site can not be occupied if four or
more of its neighboring sites are already occupied [p ¼ 0
when Nnn ≥4 and p still obeys Eq. (1) for Nnn < 4]. With
the modified model, the RP transition volume fraction
becomes monotonically decreasing as c increases, in better
agreement with experiments and our attractive gel simu-
lation described below.
Results from rigidity analysis of the attractive gel model

are shown in Fig. 4. We simulate gels of 104 particles in 2D
at various ϕg and kBT=ϵ, and obtain the mean probability
for the emergence of a percolating rigid cluster Pgðϕg;
kBT=ϵÞ. At each kBT=ϵ we identify the transition point
ϕg;cðkBT=ϵÞ by fitting Pgðϕg; kBT=ϵÞ as a quadratic

FIG. 3. Phase diagram of the correlated lattice model (without
and with the strong correlation correction). Calculated phase
boundary ϕl;cðc; L ¼ ∞Þ are shown as yellow dots (before
correction: with black circles around the dots, after correction:
without circles. They overlap at small c). The red dashed line and
the black solid line show the phase boundaries before and after
the correction by connecting the dots, respectively. The c → 0
limit (classical RP) is shown as the black dashed line. The insets
are configurations taken at c ¼ 0.9;ϕl ¼ 0.5 (the yellow star)
with and without the strong correlation correction, which avoids
the formation of disconnected dense blobs and leads to a
percolating rigid cluster.

(c)(b)

(a)

FIG. 4. (a) Phase diagram of the attractive gel model. Simulated
parameters ðϕg; kBT=ϵÞ are shown as squares colored according
to their measured Pgðϕg; kBT=ϵÞ (color scale shown in legend).
Black stars show fitted phase boundary at each kBT=ϵ and the
black line is the phase boundary from fitting these transition
points to third order polynomial. The hard sphere limit of the
transition is shown as a black dashed line. (b) and (c) show two
example configurations with their rigid cluster decomposition,
chosen at the two marked points on the phase diagram. The
largest rigid cluster percolates in (c) but not in (b), agreeing with
the phase boundary.
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Self-organization 
of thin structures 
that help transmit 

stresses  



M. Bouzid, J. Colombo, L. Vieira Barbosa and EDG, Nature Comm. 2017

Elastically driven intermittent dynamics
a b

cd

Stress fluctuations controlled by the competition 
between: - elastic recovery  

- thermal fluctuations 

e
c

c
C�� = f��(⌧̄)/f��(0)

a

kBT/ε≈0 : stress relaxation tends to occur through elastic 
recovery. Intermittent dynamics and quasi-ballistic collective 
motion: compressed exponential relaxation.
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See also Knaebel et al. EPL 
2000; Ramos et al. PRL 2001; 
Bellour et al. PRE 2003; 
Bandyopadhyay et al. PRL 
2004; Duri et al. EPL 2006; 
Maccarrone et al. Soft Matter 
2010; Lieleg et al. Nat. Mat. 
2011; Ruta et al. PRL 2012; 
Angelini et al. Soft Matter 2013 
Ruta et al. Soft Matter 2014;
Evenson et al. PRL 2015; Gao 
et al. Soft Matter 2015 ; 
Helgeson et al. Soft Matter 
2015 ...



Stress localization, stiffening and damage

J. Colombo and EDG, JOR 2014
M. Bouzid and EDG, Langmuir 2018

See also Perge et al. JOR 2014,
Saint-Michel et al. Soft Matter 2017,
Leochmach et al. PRL 2014
Aime, Ramos & Cipelletti JOR 2018, PNAS 2018

Microscopic precursors 
and rate-dependent 
structural reorganization 
under shear drive switch 
from ductile to brittle 
failure. 

Most of the stress carried by a small portion 
of the gel structure. Local softness is 
topologically controlled and determines 
softening, hardening, failure.

See also Burla et al. PNAS 2020

Stress and strain 
localisation 

See Divoux, Gibaud and Manneville experiments  

Jader Colombo and EDG, JOR 2014 

slow 

intermediate 

fast 



A «fruit fly» model for particulate gels

Molecular Dynamics
~105,106 particles
Φ ~ 0.05 - 0.2

Surface contacts between 
colloidal units are 
complex

Pantina & Furst PRL 2004; Dibble et al. PRE 2003; Monti et al. Langmuir 2020; Bonacci et al. Nature Mat 2020; 
Wu et al. PRL 2020 

J. Colombo, A. Widmer-Cooper and EDG PRL 2013
J. Colombo & EDG, Soft Matter 2014, JOR 2014

M. Bantawa, W. Fontaine-Seiler, P.D. Olmsted and EDG, JPCM 2021
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scales and interaction ranges measured in experiments,
they are intrinsically mean field in nature and do not
include aspects of the particle surfaces that can become
important once the particles are in close contact, a regime
important for gel formation.

In many real materials, the particle surfaces are not
smooth or homogeneous (see cartoons in Fig. 1). When
particles with surface irregularities or aggregates of par-
ticles come in contact, the surface roughness or a local
deformation can lead to the interlocking of the surfaces
(see Fig. 1 (a)). In some cases, surface irregularities are
present in the form of surfaces patches that behave as
specific binding sites (Fig. 1 (b)). In other cases, col-
loidal particles are sterically stabilized by adsorbed or
grafted polymer chains (Fig. 1 (c)), which can hinder
relative sliding or rotation. The same can happen for
compact aggregates of irregular shape or fractal-like flocs
with reduced connectivity. All these di↵erent cases can
lead to an e↵ective bending rigidity of parts of the gel
structure, as the gel self-assembles. There is evidence of
these phenomena from confocal microscopy images in ex-
periments, showing that local coordination of particulate
gels can be limited to 2-4 contacts even when there is not
a clear fractal characteristics of the gel structure. Optical
tweezers experiments have proven that strands of aggre-
gated colloidal particles can sustain finite torques, and
it has been recently shown that the mechanical contacts
between colloidal particles can be solid-on-solid contacts,
which sti↵en over time [3, 4, 42–45].

FIG. 1. Di↵erent examples of particle contacts that can give
rise to bending rigidity in colloidal gels: (a) Particles with
rough surfaces get interlocked. (b) Heterogeneous surface
patches lead two particles to stick at specific sites. (c) Rel-
ative rotation of particles with surfaces grafted by polymer
chains in close contact can be hindered by the chain overlap.

A physical model for computer simulations that has
the goal to gain new insight into the gel mechanics and
the underlying microscopic mechanisms should include
these possible e↵ects. However, to be able to e↵ectively
perform large scale simulations and extended spatio-
temporal analysis of microscopic processes, one would
like to avoid a fully atomistic description of the parti-
cle contacts. With this in mind, we have introduced a
class of microscopic models for soft particulate gels that
features a short-range attraction, similar to the one pre-
dicted by several theories of colloidal interactions, and an
additional term that depends on the angle between parti-
cle bonds, to include the energy costs associated with the
constraints of the particle relative motion imposed by the
nature of the surface contacts [19, 34, 35, 46]. In previous
studies, we have shown how this approach can help to un-

derstand the microscopic origin of the complex relaxation
dynamics [19, 34, 35], aging [24] and mechanical response
[25, 36–38, 47] in colloidal gel networks. Theses stud-
ies have demonstrated that the dynamical and mechani-
cal properties in these materials emerge from mesoscale
structural characteristics of the gel networks, providing
an explanation to the observation of common traits found
across di↵erent materials. Recent numerical studies from
di↵erent groups have also confirmed that including simi-
lar constraints, in addition to the attraction strength and
range that can be justified with existing theories of col-
loidal interactions, is essential to properly reproduce the
characteristics of the mechanics of soft particulate gels
[29, 48–55].

A. Numerical model

The model consists of N identical particles each of di-
ameter d, and described as point-like, whose coordinates
are {ri}, with i = 1, ..., N . They interact via a potential
energy [24, 25, 34]:

U(r1, .., rN ) = "

"
X

i>j

u2

⇣rij
d

⌘
+

X

i

j,k 6=iX

j>k

u3

⇣rij
d
,
rik
d

⌘#

(1)
where rij = rj � ri is the vector separation between two
particles i and j, " is the depth of the attractive well in u2,
used as unit energy in the simulations. For colloidal sus-
pensions, the value of d is generally in the range 10�100
nm and " ' 1� 100 kBT [2, 3], where kB and T indicate
the Boltzmann constant and the room temperature.
The two-body term u2 in Eq. (1) is a Lennard-Jones

(LJ) like potential, and is a combination of a repulsive
core and a narrow attractive well. For particles sepa-
rated by a distance r (here and in the following, distance
is expressed in units of d), it is written in the form:

u2(r) = 23
⇣ 1

r18
�

1

r16

⌘
(2)

for computational convenience. The values of the expo-
nents 18� 16 in this generalized LJ form have been cho-
sen to produce a short range attractive well (less than
1.5 particle diameters, with a minimum rmin ⇠ 1.06d),
which is plotted in Fig. 2 (a).
The three-body term u3 in Eq. (1) represents the

angular repulsion (directional interaction) which con-
straints the possible configurations of particles bonded to
a central one, providing bending rigidity to inter-particle
bonds r and r0 departing from the same particle (see Fig.
2 (b)). The functional form of this term has been imple-
mented, again considering computational e�ciency, as:

u3(r, r
0) = B⇤(r)⇤(r0) exp

"
�

✓
r · r0

rr0
� cos ✓

◆2�
w

2

#

(3)

3

FIG. 2. (a) Two-body potential u2 as a function of distance between two particles, r in units of a particle diameter d, and
(b) Main: Three-body interaction u3 for r = r0 = rmin (both bonds at the minimum of the attractive well) and ✓ = 65� as a
function of angle between the neighboring bonds, ✓. Other parameters are B = 67.27, and w = 0.30. Inset: Radial modulation
⇤(r) as a function of distance.

where B, ✓ and w are dimensionless parameters. The
parameter B represents the strength of this interaction
term. With this specific form we aim at maintaining the
possibility of a range of allowed configurations, without
imposing only one specific angle. The radial modulation
function ⇤(r) is plotted in Fig. 2 (b) (inset) and decays
smoothly as,

⇤(r) = r
�10

⇥
1� (r/2)10

⇤2
H(2� r) (4)

where H is the Heaviside function. The function ⇤(r)
vanishes at a distance 2d, but, combined with u2, it ef-
fectively cancels out the attraction u2(r) producing a re-
pulsion that vanishes at a distance ' d or leaves an at-
tractive well basically identical to u2, depending on the
angle in the exponential term of Eq. 3. That is, the addi-
tional repulsion introduced by ⇤(r) is able to cancel out
the attractive well (in the angular range needed), while
retaining the continuity of energy and force required by
the molecular dynamics method.

In Fig. 2 (b), the three-body potential u3 is plotted
as a function of the bending angle ✓ by fixing the bond
distances at the minimum of the potential well, i.e. r =
r
0 = rmin. The height of the peak is determined by
the parameter B and represents the strength of angular
repulsion. The peak location is determined by the angle
✓̄ and its width is determined by w.

In order to illustrate how the combination of u2 and
u3 works, let’s consider the case where all parameters
have been fixed as in Fig.2. In Fig. 3 (a), we consider
a bond vector r formed by two particles, 1 and 2, which
are within distances corresponding to the attractive well.
A third particle, 3, approaches particle 1 from a direc-
tion such that the vector distance r0 from particle 1 to 3
forms an angle ✓ with r. If the incoming particle is within
the range of interaction with particle 1, it experiences an
attractive interaction given by the two-body term, u2(r),
and an angular repulsion given by the three-body inter-
action u3(r, r0, ✓) that involves both bonds r0 and r. Due

FIG. 3. (a) Illustration of the interactions for a particle 3
approaching two particles 1 and 2 previously bonded. (b)
Contour plot of the potential energy experienced by an incom-
ing particle when it approaches an existing bond at di↵erent
distances and angles. The color is blue when the potential
energy is �1 and is red for +1 or higher.

to the angular modulation of u3(r, r0, ✓), the particle 3
will be bonded to 1 or 2 only for certain range of angles
✓ where the net interaction is attractive. The range of the
angles for the net attraction is controlled by the param-
eters B and ✓ in Eq. 3. For the choice of B = 67.27 and
✓̄ = 65� used in the figure, 3 can not be simultaneously
bonded to 1 and 2. All angles ✓ smaller than ✓ are dis-
favored when r0 is within the range of interaction with 1
because, for smaller ✓, particle 3 will be su�ciently close
to particle 2 to experience the short-range repulsion from
u2(r00). On the other hand, if particle 3 approaches 1 at
smaller angles, but at distances larger than the range of
interaction, it will be close enough to particle 2 to remain
bonded there. In this case, the interactions between 1
and 3 becomes negligible. To summarize, when the par-
ticle 3 enters the region of the bond between 1 and 2,
the total potential felt utotal is obtained by summing up
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scales and interaction ranges measured in experiments,
they are intrinsically mean field in nature and do not
include aspects of the particle surfaces that can become
important once the particles are in close contact, a regime
important for gel formation.

In many real materials, the particle surfaces are not
smooth or homogeneous (see cartoons in Fig. 1). When
particles with surface irregularities or aggregates of par-
ticles come in contact, the surface roughness or a local
deformation can lead to the interlocking of the surfaces
(see Fig. 1 (a)). In some cases, surface irregularities are
present in the form of surfaces patches that behave as
specific binding sites (Fig. 1 (b)). In other cases, col-
loidal particles are sterically stabilized by adsorbed or
grafted polymer chains (Fig. 1 (c)), which can hinder
relative sliding or rotation. The same can happen for
compact aggregates of irregular shape or fractal-like flocs
with reduced connectivity. All these di↵erent cases can
lead to an e↵ective bending rigidity of parts of the gel
structure, as the gel self-assembles. There is evidence of
these phenomena from confocal microscopy images in ex-
periments, showing that local coordination of particulate
gels can be limited to 2-4 contacts even when there is not
a clear fractal characteristics of the gel structure. Optical
tweezers experiments have proven that strands of aggre-
gated colloidal particles can sustain finite torques, and
it has been recently shown that the mechanical contacts
between colloidal particles can be solid-on-solid contacts,
which sti↵en over time [3, 4, 42–45].

FIG. 1. Di↵erent examples of particle contacts that can give
rise to bending rigidity in colloidal gels: (a) Particles with
rough surfaces get interlocked. (b) Heterogeneous surface
patches lead two particles to stick at specific sites. (c) Rel-
ative rotation of particles with surfaces grafted by polymer
chains in close contact can be hindered by the chain overlap.

A physical model for computer simulations that has
the goal to gain new insight into the gel mechanics and
the underlying microscopic mechanisms should include
these possible e↵ects. However, to be able to e↵ectively
perform large scale simulations and extended spatio-
temporal analysis of microscopic processes, one would
like to avoid a fully atomistic description of the parti-
cle contacts. With this in mind, we have introduced a
class of microscopic models for soft particulate gels that
features a short-range attraction, similar to the one pre-
dicted by several theories of colloidal interactions, and an
additional term that depends on the angle between parti-
cle bonds, to include the energy costs associated with the
constraints of the particle relative motion imposed by the
nature of the surface contacts [19, 34, 35, 46]. In previous
studies, we have shown how this approach can help to un-

derstand the microscopic origin of the complex relaxation
dynamics [19, 34, 35], aging [24] and mechanical response
[25, 36–38, 47] in colloidal gel networks. Theses stud-
ies have demonstrated that the dynamical and mechani-
cal properties in these materials emerge from mesoscale
structural characteristics of the gel networks, providing
an explanation to the observation of common traits found
across di↵erent materials. Recent numerical studies from
di↵erent groups have also confirmed that including simi-
lar constraints, in addition to the attraction strength and
range that can be justified with existing theories of col-
loidal interactions, is essential to properly reproduce the
characteristics of the mechanics of soft particulate gels
[29, 48–55].

A. Numerical model

The model consists of N identical particles each of di-
ameter d, and described as point-like, whose coordinates
are {ri}, with i = 1, ..., N . They interact via a potential
energy [24, 25, 34]:
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where rij = rj � ri is the vector separation between two
particles i and j, " is the depth of the attractive well in u2,
used as unit energy in the simulations. For colloidal sus-
pensions, the value of d is generally in the range 10�100
nm and " ' 1� 100 kBT [2, 3], where kB and T indicate
the Boltzmann constant and the room temperature.
The two-body term u2 in Eq. (1) is a Lennard-Jones

(LJ) like potential, and is a combination of a repulsive
core and a narrow attractive well. For particles sepa-
rated by a distance r (here and in the following, distance
is expressed in units of d), it is written in the form:

u2(r) = 23
⇣ 1

r18
�

1

r16

⌘
(2)

for computational convenience. The values of the expo-
nents 18� 16 in this generalized LJ form have been cho-
sen to produce a short range attractive well (less than
1.5 particle diameters, with a minimum rmin ⇠ 1.06d),
which is plotted in Fig. 2 (a).
The three-body term u3 in Eq. (1) represents the

angular repulsion (directional interaction) which con-
straints the possible configurations of particles bonded to
a central one, providing bending rigidity to inter-particle
bonds r and r0 departing from the same particle (see Fig.
2 (b)). The functional form of this term has been imple-
mented, again considering computational e�ciency, as:

u3(r, r
0) = B⇤(r)⇤(r0) exp
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scales and interaction ranges measured in experiments,
they are intrinsically mean field in nature and do not
include aspects of the particle surfaces that can become
important once the particles are in close contact, a regime
important for gel formation.

In many real materials, the particle surfaces are not
smooth or homogeneous (see cartoons in Fig. 1). When
particles with surface irregularities or aggregates of par-
ticles come in contact, the surface roughness or a local
deformation can lead to the interlocking of the surfaces
(see Fig. 1 (a)). In some cases, surface irregularities are
present in the form of surfaces patches that behave as
specific binding sites (Fig. 1 (b)). In other cases, col-
loidal particles are sterically stabilized by adsorbed or
grafted polymer chains (Fig. 1 (c)), which can hinder
relative sliding or rotation. The same can happen for
compact aggregates of irregular shape or fractal-like flocs
with reduced connectivity. All these di↵erent cases can
lead to an e↵ective bending rigidity of parts of the gel
structure, as the gel self-assembles. There is evidence of
these phenomena from confocal microscopy images in ex-
periments, showing that local coordination of particulate
gels can be limited to 2-4 contacts even when there is not
a clear fractal characteristics of the gel structure. Optical
tweezers experiments have proven that strands of aggre-
gated colloidal particles can sustain finite torques, and
it has been recently shown that the mechanical contacts
between colloidal particles can be solid-on-solid contacts,
which sti↵en over time [3, 4, 42–45].

FIG. 1. Di↵erent examples of particle contacts that can give
rise to bending rigidity in colloidal gels: (a) Particles with
rough surfaces get interlocked. (b) Heterogeneous surface
patches lead two particles to stick at specific sites. (c) Rel-
ative rotation of particles with surfaces grafted by polymer
chains in close contact can be hindered by the chain overlap.

A physical model for computer simulations that has
the goal to gain new insight into the gel mechanics and
the underlying microscopic mechanisms should include
these possible e↵ects. However, to be able to e↵ectively
perform large scale simulations and extended spatio-
temporal analysis of microscopic processes, one would
like to avoid a fully atomistic description of the parti-
cle contacts. With this in mind, we have introduced a
class of microscopic models for soft particulate gels that
features a short-range attraction, similar to the one pre-
dicted by several theories of colloidal interactions, and an
additional term that depends on the angle between parti-
cle bonds, to include the energy costs associated with the
constraints of the particle relative motion imposed by the
nature of the surface contacts [19, 34, 35, 46]. In previous
studies, we have shown how this approach can help to un-

derstand the microscopic origin of the complex relaxation
dynamics [19, 34, 35], aging [24] and mechanical response
[25, 36–38, 47] in colloidal gel networks. Theses stud-
ies have demonstrated that the dynamical and mechani-
cal properties in these materials emerge from mesoscale
structural characteristics of the gel networks, providing
an explanation to the observation of common traits found
across di↵erent materials. Recent numerical studies from
di↵erent groups have also confirmed that including simi-
lar constraints, in addition to the attraction strength and
range that can be justified with existing theories of col-
loidal interactions, is essential to properly reproduce the
characteristics of the mechanics of soft particulate gels
[29, 48–55].

A. Numerical model

The model consists of N identical particles each of di-
ameter d, and described as point-like, whose coordinates
are {ri}, with i = 1, ..., N . They interact via a potential
energy [24, 25, 34]:

U(r1, .., rN ) = "

"
X

i>j

u2

⇣rij
d

⌘
+

X

i

j,k 6=iX

j>k

u3

⇣rij
d
,
rik
d

⌘#

(1)
where rij = rj � ri is the vector separation between two
particles i and j, " is the depth of the attractive well in u2,
used as unit energy in the simulations. For colloidal sus-
pensions, the value of d is generally in the range 10�100
nm and " ' 1� 100 kBT [2, 3], where kB and T indicate
the Boltzmann constant and the room temperature.
The two-body term u2 in Eq. (1) is a Lennard-Jones

(LJ) like potential, and is a combination of a repulsive
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for computational convenience. The values of the expo-
nents 18� 16 in this generalized LJ form have been cho-
sen to produce a short range attractive well (less than
1.5 particle diameters, with a minimum rmin ⇠ 1.06d),
which is plotted in Fig. 2 (a).
The three-body term u3 in Eq. (1) represents the

angular repulsion (directional interaction) which con-
straints the possible configurations of particles bonded to
a central one, providing bending rigidity to inter-particle
bonds r and r0 departing from the same particle (see Fig.
2 (b)). The functional form of this term has been imple-
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one another. The same or similar changes in the average size of
the assembled structures and the bridging between the fibers
can occur at higher concentrations, and we propose that they
may be at the origin of the non-monotonic rheological
behavior observed. The cartoons of Figure 4 illustrate the

changes in the network structure of the binary hydrogels
diagnosed by the rheological measurements (Figure 1a) and
supported by the cryo-TEM images at lower concentrations
(Figure 3).
We have further investigated the molecular origin of the

non-monotonic dependence of the zero-shear viscosity on
mixture composition (see Figure S14) that resulted from the
mixing of the two compounds, and in particular the interplay
between the two different interactions. Recent observations
indicated that the telechelic PEG molecules increase the
exchange rate of low-molar-mass hydrogelators when they are
mixed into the supramolecular polymers formed by the small
molecules.39 The large hydrophilic PEG polymer makes the
structures more dynamic or, in other words, decreases the
association strength of the small molecules. Consistent with

these results, hydrogen/deuterium exchange mass spectrome-
try (HDX-MS) experiments show that the association between
BTAs decreases in the presence of BTA-PEG-BTA (for a
detailed description see Figure S21 and Table S1).40 Since the
association between BTA monomers decreases, they become
more dynamic with increasing amounts of BTA-PEG-BTA;
hence, the average length of the supramolecular polymers
should be reduced, as confirmed by the images from cryo-TEM
(Figure 3). However, the value of the viscosity in the mixtures
is not determined by the length of the assembly alone, but
rather by the complex network resulting from mixing. Actually,
the viscosity values of the mixtures rich in BTA (in terms of
mass fraction) are much larger than those of pure BTA, since
the modulus increases by 2 orders of magnitude, even though
the respective relaxation time in most mixtures is shorter as
compared to pure BTA (Figure 1). On the other hand, the
mixtures where BTA-PEG-BTA is in excess, exhibit a larger
viscosity value, reflecting their much longer relaxation time
compared to pure BTA-PEG-BTA.
To test the idea that the structural changes illustrated in

Figure 4 can be at the origin of the rheological behaviors
observed upon varying the relative composition of the binary
gels, the experimental system was modeled as a mixture of two
different coarse-grained associating units (beads of diameter d
with different association strengths), and an angular potential
was applied that dictates the angle formed by three bonded
beads depending on the size of the beads using an approach
previously developed for colloidal gels41−43 (for more
information, see SI and Figure S22). By changing the
association strength, the model comprises two species that,
as pure components, self-assemble respectively into a
percolated network of semiflexible fibers (I) and small
aggregates between which bonds can break and reform easily
(II). Figure 5 shows snapshots from the configurations
obtained through self-assembly in the molecular dynamics
simulations (see SI for more information) for the pure
components (Figure 5a and d) and for the mixed systems
(Figure 5b and c) in the nondilute regime and at the same
relative compositions, as suggested in Figure 4 (here the
composition in the numerical simulation samples is expressed
in terms of the number fraction of associating units that
belongs to the strongly associating component I). The
snapshots show only portion of the simulation box to make
distinctive features visible (see scale bar corresponding to 4d in
Figure 5) and demonstrate how the model self-assembled
structures, while not including all the complexity of the
experimental system, well capture the essential ingredients of
the association in the pure components and mixed systems.
Furthermore, as discussed in the following, having used
nonequilibrium molecular dynamics to compute the viscoe-
lastic spectra of the pure components, we could also establish
the correspondence between the rheological behavior in
simulations and experiments, and therefore used the model
to gain insight into the rheological response of the mixed
systems. With small amounts of the weaker component (II),
we observe additional bridges between the fibers of the main
network (Figure 5b), formed by the strongly associating units.
Once the fraction of the weakly associating units is increased,
the bridging of the fibers is more pronounced and a more
tightly connected network seems to develop (Figure 5c). The
networks of the mixtures shown in Figure 5 are reminiscent of
double or interpenetrating networks investigated in different
contexts,44,45 which, however, are usually permanently cross-

Figure 4. Cartoon representations of the supramolecular networks
that are formed in the studied hybrid systems in nondilute regime,
with the hydrophobic part of both molecules colored in gray, the BTA
in cyan, and the BTA-PEG-BTA in red. The PEG-chains of BTA-
PEG-BTA that form bridges are colored orange to be easily
distinguishable. Several parts of the networks are enlarged to show
individual aggregates (top insets), and interactions between
aggregates (bottom insets). In the pure BTA network, (a) there is
no bridging between the fibers due to the absence of BTA-PEG-BTA
and the network is formed only by entanglements of the long fibers.
The BTA-PEG-BTA (d) does not form a cohesive network but
loosely connected micelles. The mixtures with BTA/BTA-PEG-BTA
90/10 (b) and 50/50 (c) are characterized by cross-linking between
the fibers, which increases when the fraction of BTA-PEG-BTA
increases (c), showing PEG bridges as orange lines (bottom insets of
b,c). Steric hindrance due to the PEG polymer (detailed in top inset
of c) results in shorter fibers with increasing amounts of BTA-PEG-
BTA.
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linked, rubber-like materials with extra reversible interactions
such as metal−ligand complexes. Here, instead, all the
interactions in our materials are transient, which makes the
system very dynamic.
From the above combination of experimental observations

and simulations (which are further elaborated below), the
emerging picture indicates that the rheological response of the
mixture originates from the fact that the aggregating units of
one component can be embedded in the network of the fibers
of the other component, yielding enhanced mechanical
properties when their amount is increased; however, when

the relative composition is such that the network of the former
component becomes too sparse, it will not be further
“reinforced”. This picture is described consistently in Figures
1, 2 (rheology), 3 (cryo-TEM), 4 (schematic illustration), and
5 (simulation snapshots), which suggest wider implications of
the present findings, beyond the specific hydrogel mixture, as
discussed below.
All structures were sheared in silico42,46 to obtain the

viscoelastic spectra of the simulated networks which are shown
in Figure 6a. To convert the compositions of the mixtures in
the model, expressed in terms of the number fraction of the
component I associating units, into a weight fraction as used
for the experiments, we have to consider that in the real
material the self-assembling units of the pure component II are
heavier and have a bigger linear size (∼4 times bigger).
Considering the same proportion of two components as in the
experiments, we obtain an equivalent weight fraction for each
numerical composition, for both components I and II (see also
the Methods section and the SI). Here and in the following, we
use the converted weight fraction wII, expressed in terms of
component II, consistently with the experimental data of
Figure 2, to rationalize the non-monotonic dependence of the
rheological response on the mixture compositions. The
spectrum for the pure component II (in red) exhibits two
characteristic relaxation modes, indicated by the red arrows,
similar to the pure BTA-PEG-BTA network. The simulations
indicate that the high-frequency mode corresponds to the
relative motion of the nearest-neighboring units in each micelle
(or aggregate), while the low-frequency mode corresponds to
the relaxation of the whole aggregate (see SI). In the mixed
networks, G′ and G″ vary non-monotonically with increasing
the weight fraction wII, in analogy to the mixing ratio in the
experiments. To map the simulation time scales to the
experimental results, we compare the corresponding higher-
mode relaxation with the experiments and estimate that the
highest ωτ0 in the simulations should correspond to 102 rad/s.
By analogy, the range of [10−4−1] ωτ0 in the simulations
should then correspond to [10−2−102] rad/s for ω in the
experiments. This allows a fair comparison between the

Figure 5. Simulation snapshots of structures self-assembled in the
molecular dynamics simulations at conditions similar to those of
Figures 1 and 4 (nondilute concentrations). Gray indicates the
strongly associating (entangled) units (pure BTA fibrillar network),
while orange indicates the weakly associating units (BTA-PEG-BTA
micellar fluid). The entangled network with long fibers formed from
the pure model BTA is shown in (a), and the small aggregates
obtained from pure model BTA-PEG-BTA in (d). The structure in
(b) is obtained with a ratio 90/10, defined by the number fraction of
pure BTA units, where the micelles of BTA-PEG-BTA form
additional connections in the first network and (c) corresponds to
a 50/50 mixture with even more connections and effectively shorter
fibers. In all subfigures, the scale bar is 4di, with di the diameter of the
beads that are used as associating units in the model.

Figure 6. (a) Viscoelastic spectra obtained from numerical simulations, for the model mimicking pure BTA and for the model mimicking pure
BTA-PEG-BTA, as well as for the mixed networks. Closed symbols indicate the storage modulus (G′) and open symbols the loss modulus (G′′).
Here and in the following plots, error bars are smaller than the symbol size used (see SI). The spectrum for the pure component I is shown in blue
and has a low-frequency plateau in the storage modulus (indicated by a blue arrow), corresponding to the presence of entanglements in the pure
BTA network. (b) The low-frequency plateau modulus Gp has a non-monotonic dependence on the mixing ratio wII, as also found in experiments.
Gp has a maximum wII,Max ∼ 0.25. This dependence of Gp on wII can be directly associated with the change in the fraction of units forming
entanglements and bridges between the fibers in mixed networks, as shown in Figure 7a).
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Gel microstructure (pores, connectivity …) depends 
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Evidence of a fractal characteristics imprinted in 
the viscoelastic spectra of the gel networks as 
rigidity emerges. 



Conclusions and outlook
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• In soft particulate gels, localized stress patterns emerge from the mechanical 
constraints that develop through the network topology as the material solidifies. 
They control evolution and response of these materials. 

• Understanding the emergence of rigidity provides insight into the self-
organization of stress transmission through the material and the development of 
frozen-in stresses. Connecting localized stress patterns in soft gels to force 
chains in granular materials* or localized excitations in amorphous solids*.  

• Local morphology, particle volume fractions and single particle properties reveal 
only part of the story: viscoelastic spectra carry information of fractal 
characteristics that govern stress transmission and hierarchy of 
time/lenghtscale beyond structural variability. 

* See also Nampoothiri et al PRL 2020
Cates et al. PRL 1998
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