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What is aeroacoustics?

I Aeroacoustics is the study of sound generated
aerodynamically.

I Leading example is sound generated by aircraft, especially the
‘jet engine’, i.e. high bypass-ratio turbofan.

I Other examples are noise from traffic (e.g. motorway noise),
trains, wind turbines, . . .

I Hugely important in civil life: controversies over where (and
whether) to site new airports always involve noise.
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Research in aeroacoustics

I Major research effort from

I companies: Rolls-Royce, Boeing, ...

I universities: Cambridge, Southampton, Boston, Florida, ...

I government: NASA, EU, EPSRC, DLR, ONERA, ...

I Contribution from mathematicians:

I Rayleigh

I Lighthill, Curle, Hawkings

I Howe, Crighton, Leppington, Dowling

I Peake, Parry, CJC

I Ayton, Brambley, Assier, Kisil, Baddoo, Priddin, Colbrook

I Thirteen from the Mathematics tripos at Cambridge.
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A sister subject: hydroacoustics

I Hydroacoustics is the study of underwater sound.

I Includes ship and submarine noise, and sonar.

I Scientific principles are similar to aeroacoustics, but the Mach
number is lower, and cavitation is important.

I Represented here today by Thales UK (D. Nigro).

I Fundamental for defence.

I Some researchers do both aero- and hydroacoustics.
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A prototype aeroacoustic problem

One problem (out of many!) is that of a gust or turbulence
striking the leading edge of an aeroengine fan blade or a wing.

High-frequency sound is produced at the leading edges.
5 / 32



Lighthill’s acoustic analogy (1952) (CJC 2015)

I Density perturbation in a sound wave satisfies

(
∂2

∂t2
− c2

0∇2

)
ρ′ =

∂2Tij
∂xi∂xj

.

I The source (ignoring friction) is the acoustic stress tensor

Tij = ρuiuj + (p′ − c2
0ρ
′)δij .

I Radiated sound field is

p′ =
1

4π

∂2

∂xi∂xj

∫ ∞

−∞

Tij(y, t− |x− y|/c0)

|x− y| d3y.
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Howe’s vortex sound equation (1975) (CJC 2015)

I The Bernoulli variable B satisfies the vortex sound equation
(for low Mach number)

(
1

c2
0

∂2

∂t2
−∇2

)
B = ∇ · (ωωω ∧ u).

I The source is written in terms of the vorticity ωωω.

I The Bernoulli variable (‘total enthalpy’) is

B =

∫
dp

ρ
+

1

2
|u|2.

I The pressure in the radiated sound field is p = ρ0B.
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Universality of complex analysis

I Most powerful representation is the (frequency, wavenumber)
domain.

I Used by engineers, mathematicians, regulators (everyone!),
because what matters is the spectrum.

I Given a function f(x, y, z, t), write

f(x, y, z, t) =

∫∫∫∫
F (ω, k, l,m)e−i(ωt−kx−ly−mz) dω dk dl dm.

I Convention: capital letters for Fourier transform, i.e. the
spectrum.
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Universality of complex analysis

I A generic aeroacoustic equation is

1

c2
0

(
∂

∂t
+ U

∂

∂x

)2

ϕ−
(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
ϕ = f(x, y, z, t).

I The source f(x, y, z, t) has spectrum F (ω, k, l,m).

I Similarly, the field ϕ(x, y, z, t) has spectrum Φ(ω, k, l,m).

I Hence

D(ω, k, l,m) Φ(ω, k, l,m) = F (ω, k, l,m),

where D(ω, k, l,m) is the dispersion function.

I Therefore the solution of the aeroacoustic equation is

Φ(ω, k, l,m) =
F (ω, k, l,m)

D(ω, k, l,m)
.
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Universality of complex analysis

I In the (space, time) domain, the solution of the aeroacoustic
equation is

ϕ(x, y, z, t) =

∫∫∫∫
F (ω, k, l,m)

D(ω, k, l,m)
e−i(ωt−kx−ly−mz) dω dk dl dm.

I But what can be done with this ‘inversion integral’? The
initial range of integration is over real (ω, k, l,m).

I The field is ‘coded’ in the complex plane by local behaviour
near special points, especially saddle points, branch points,
poles, and their coalescences.

I Such points are accessible only by contour deformations
taking full account of the global behaviour of F and D,
especially their Riemann surfaces.
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An example: scattering of vorticity into sound

Prototype problem is a gust or turbulence striking the leading edge
of an aeroengine fan blade or a wing.

High-frequency sound is produced at the leading edges.
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Leading edge geometry

Three coordinate systems based on leading edge:

I Cartesian: (x, y, z); wavenumbers (k, l,m)

I Cylindrical: (r, φ, x)

I Spherical: (R, θ, φ)

High-speed leading-edge noise 2133
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Figure 1. Flat-plate aerofoil in a uniform flow of speed U ; coordinate systems are (x, y, z), (r, φ, z)
and (R, θ, φ). The aerofoil occupies the half-plane y = 0, x � 0 (i.e. φ = 0), and its leading edge
is the z-axis (i.e. θ = 0, π).

of contours of integration in two complex planes, one corresponding to spanwise
wavenumber (or an equivalent complex angle), the other corresponding to frequency.
Because the integrands contain branch points, there is accordingly no escape from
a determination of the topology of the inversion integral, in which the integrand is
regarded as a function of two complex variables. Some readers might find the account
of this topic, in § 4, rather detailed, but the author has found, in examples, that the
determination of the most practical contours, or even merely the allowed contours,
is not always easy. Hence § 4 has been written with considerable attention to detail,
so that, for any gust shape or any field point, suitable contours may be determined.
The rest of the calculation is straightforward. A topological analysis relating only
to the far field is given in Chapman (2002). The theory in the paper is limited to
a flat-plate aerofoil with no mean loading, i.e. at zero angle of attack. It could be
extended to include leading edge curvature, mean loading, and aerofoil curvature
by the methods in, for example, Myers & Kerschen (1995) and Peake & Kerschen
(1997).

2. Governing equations

(a) Aeroacoustic coordinates

The system to be investigated is sketched in figure 1, which shows part of a stationary
flat-plate aerofoil in a head-on uniform flow of air at speed U . The air has speed of
sound c0, and the Mach number of the flow is M = U/c0. The flow is assumed to be
subsonic, i.e. M < 1. A point at the leading edge of the plate is taken as the origin
O of a right-handed coordinate system (x, y, z). The axis Ox points along the plate
(assumed horizontal) at right angles to the leading edge and in the flow direction;
the axis Oy points vertically upwards; and the axis Oz points along the leading
edge, horizontally to the right for an observer facing in the positive Ox-direction.
Corresponding cylindrical coordinates are (r, φ, z), where r is the distance from the
leading edge and φ is the azimuthal angle around the leading edge, measured from
the horizontal (O, x, z)-plane. The plate occupies the half-plane φ = 0, and the half-
plane ahead of the plate is φ = π. Corresponding spherical coordinates are (R, θ, φ),
where R is the distance from O and θ is the polar angle, measured from the leading-
edge direction Oz. The positive half z > 0 of the leading edge is θ = 0, and the
negative half z < 0 is θ = π.
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Localised gust: some basic questions

I What is the full three-dimensional directivity pattern of the
radiated sound field?

I What happens on the leading edge, remote from the localised
source, in quantitative detail?

I Is there a trapped wave propagating along the edge?

I What happens to the energy propagating along an edge when
it comes to a corner (conical scattering)?

I Many detailed results can be obtained by complex analysis.
These are not complete for corner scattering.

13 / 32



Single-frequency sesquipole

Let the upwash be

v0e−iω0(t−x/U)δ(z/a).

Then the acoustic pressure is

p =
e−πi/4

2π3/2
ρ0c0v̄0M

3/2 cos 1
2 φ̄

sin1/2 θ̄
ā

(
ω0

c0R̄

)1/2

e−iω0(t+Mx̄/c0)E1,

where

E1 = E1(ω0R̄/c0, θ̄,M) =
i

π

∫

C

ei(ω0R̄/c0) cos(θ̄−χ) sinχ

(1 +M sinχ)1/2
r′χ.

Here E1 is an ‘edgelet’ function.
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Far field

The far-field approximation to E1, uniform in the polar angle θ̄, is

E1 '
(

2
π

)1/2 sin θ̄
(1+M sin θ̄)1/2

{
1 + iM

2 sin θ̄
c0
ω0R̄

}(
c0
ω0R̄

)1/2
ei(ω0R̄/c0−3π/4).

Thus the dominant term is of order R̄−1/2, except along the
leading edge, θ̄ = 0 or π, where it is smaller, of order R̄−3/2.
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Topology of (1 +M sinχ)1/2 (CJC 2003)
High-speed leading-edge noise 2141
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Figure 3. (Cont.) (c) Riemann surface for (1 + M sinχ)1/2. The left half represents the upper
sheet shown in (a), (b), with corresponding lettering, and the right half represents the lower
sheet not shown in (a), (b). Thus the contour C is determined by the route Q1Q2Q3Q4Q5 for
(a), and by Q′

1Q4Q3Q2Q
′
5 for (b). An increase or decrease in α by a multiple of 4π returns the

outer parts of the contours to their original positions.

0 < θ̄ < π, so that the upper and lower extremities of the contour C in figure 3a
always lie in valleys.
For arbitrary complex ω, the allowed contours C are determined from those given

above by analytic continuation in ω away from the neighbourhood of the positive
real ω-axis, together with the condition that singularities must not be introduced
into the upper half of the ω-plane. If we put |ω| = Ω and ω = Ωeiα, where −π/2 <
α < 3π/2, the upper valley of exp{i(ωR̄/c0) cos(θ̄ − χ)} in the χ-plane becomes
θ̄ − π + α < χr < θ̄ + α, with deepest part χr = θ̄ − π/2 + α, and the lower valley
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Contours on Riemann surface (CJC 2003)

2144 C. J. Chapman
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Figure 4. (a) The ω-plane. Wavy line, branch line of ω1/2; (i), contour of ω integral in (3.19);
(ii), deformation of (i) around branch line. With ω = Ωeiα, points A, B, at which ω = ωA, ωB,
correspond to α = − 1

2
π, 3

2
π. (b) The Riemann surface in χ. Contour integration around the loops

P1P
′
1P1 and P′

4P4P
′
4 determine the change in the χ integral in (3.19) when α increases by 4π. On

each loop, (1 +M sinχ)1/2 changes sign when χ increases by 2π, so that each contour integral,
and hence their sum, is zero. A contour integral around the loop P3P2P3, or equivalently P′

3P
′
2P

′
3,

represents the change in the product of ω1/2 and the χ integral in (3.19) when α increases by
2π, e.g. when ω moves on an anticlockwise path from A to B in (a). (c) Representation of (b)
in the two-sheeted χ-plane. The left half of (b) corresponds to the upper sheet, the right half to
lower sheet, as indicated on the loops by a solid line for left (b)/upper (c), and by a dashed line
for right (b)/lower (c).

loops in the double-sheeted χ-plane are shown in figure 4c. After checking signs, we
may summarize the above as follows. Let the values of ω at A and B in figure 4a be
ωA and ωB, so that

ω
1/2
B = −ω

1/2
A .

Then ω
1/2
B F̃ (ωB)− ω

1/2
A F̃ (ωA) is given by the product of ω

1/2
B and a χ integral

Proc. R. Soc. Lond. A (2003)
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Detailed asymptotics (2013) (Ayton & Peake)

Wiener-Hopf method and advanced complex analysis150 L. J. Ayton and N. Peake
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Trailing-edge
transition region

Transition region

Transition region

(iv) Transition region
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(vii)

(a)
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FIGURE 1. Asymptotic regions around the aerofoil; leading- and trailing-edge inner regions,
(i) and (v), scale as O(k−1), the width of the transition regions, (iv) and (vii), scales as
O(k−1/2), and the width of the Fresnel regions, (ii) and (vi), scales as O((kr)1/2). The outer
region (iii) is O(1) on the scale of the aerofoil chord. We solve for (i) in § 3, with (ii) found
specifically in §§ 3.1, 3.2, 3.4 and 3.5. We then solve for a leading-edge contribution to (iii) in
§ 4.1, and (iv) in § 4.2. We solve for the trailing-edge contribution to (iii) in § 5.1, solve for (v)
and (vi) in § 5.2, and finally for (vii) in § 5.3: (a) in (x, y) space; (b) in (φ, ψ) space.

where (R, θ) are the local polar coordinates centred on (0, 0) with R = kr.
Transforming equations (2.6) gives

∂2H
∂Φ2
+ ∂2H
∂Ψ 2
+ w2(1− 2β2

∞εq)H + (γ + 1)M4
∞

β2∞
εq
(
∂2H
∂Ψ 2
+ 2iδ

∂H
∂Φ
+ (w2 + δ2)H

)

− (γ + 1)M4
∞

β2∞
ε
∂q
∂Φ

(
∂H
∂Φ
− iδH

)
= 0, (3.2a)

subject to boundary condition of zero normal velocity on the aerofoil surfaces, ψ = 0,
i.e.

∂H
∂Ψ
+M2

∞ε
∂q
∂Ψ

H
∣∣∣∣
Ψ=0±
=−

[
1
k
∂hI

∂ψ
+M2

∞ε
∂q
∂Ψ

hI

]

Ψ=0±
, (3.2b)

where H is the unsteady potential in the inner region. This boundary condition tells us
that H = O(1). We now follow Tsai (1992) and Myers & Kerschen (1997) and expand
the inner unsteady potential in the form

H(Φ,Ψ )= H0 + εt′
√

k(H1 + H2 + H3)+ εα′eff

√
k(P1 + P2 + P3)+ O(ε). (3.3)
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Parabolic wave equation (2019) (Hewitt et al.)
D.P. Hewett et al. / Wave Motion 84 (2019) 90–109 99

Fig. 9. Plots of |A31(X, Y )| and Re
[
A31eikx

]
for (l,m) = (2, 1), with λ = l/(l + 2m) = 1/2 and k = 20. The curve near which the solution is localised is

superimposed in black.

Fig. 10. Steepest descent contours for A31(X, Y ) in the case (l,m) = (2, 1), α = 1, evaluated at points 1–10 from Fig. 7(a).

to Figs. 4–6 show that the ray picture is as in Fig. 8(b), the second outgoing ray from the upper branch of the cusped
caustic being necessary to generate the lower branch.

• On the localisation curve (cf. Fig. 10(c) and (k)), the contour passes through the single real saddle point and the double
real saddle point which generates the localisation.

• Between the localisation curve and the Stokes lines (cf. Fig. 10(d) and (j)) the contour passes through the real saddle
point and the complex saddle point which gives an exponentially small contribution in the far field.

• On the Stokes lines (cf. Fig. 10(e) and (i)) there is an abrupt change to the configuration of the contour, associated with
the switching off of the exponentially small wave mentioned above.

• To the left of the Stokes lines (cf. Fig. 10(f)–(h)) the contour passes only through the single real saddle point.

We now investigate the far-field localisation, as we did in (25). Without loss of generality, we focus on the upper branch of
the localisation curve. With Γ31 deformed to the real axis, we let

x = x0 + δx∗, y = (4/3)κ1/2x3/20 + δy∗, τ = 2(κx0)1/2 + τ ′,

for some fixed x0 > 0. The analogue of (24) is then

−
13κx20

3
− δ(2y∗(κx0)1/2 + 2κx0x∗) − τ ′(δy∗

+ 2(κx0)1/2δx∗) − (τ ′)2
δx∗

2
+

(x0
κ

)1/2 (τ ′)3

6
+

(τ ′)4

48κ
. (30)

Hence, with δ = k−2/3 and τ ′
= (4κ/x0)1/6k−1/3ζ , the analogue of (25) is

k−1/12
(
4κ
x0

)1/6

exp
[
−i
(
k
13κx20

3
+ k1/3

(
2(κx0)1/2y∗

+ 2κx0x∗
))]

×

∫
∞

−∞

exp

[
i

(
−

(
4κ
x0

)1/6

(y∗
+ 2(κx0)1/2x∗)ζ +

ζ 3

3

)]
dζ
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Parabolic wave equation (2019) (Hewitt et al.)
D.P. Hewett et al. / Wave Motion 84 (2019) 90–109 103

Fig. 13. Plots of |A31(X, Y )| and Re
[
A31eikx

]
for (l,m) = (1, 2), with λ = l/(l + 2m) = 1/5 and k = 20. The curve near which the solution is localised is

superimposed in black.

Fig. 14. Steepest descent contours for A31(X, Y ) in the case (l,m) = (1, 2), α = 1, evaluated at points 1–12 from Fig. 11(a).

The expanded phase is then

κ4x50
40

−
κ2x20
2

δy∗
−

κ4x40
8

δx∗
+ τ ′

(
−

√
2κx0

(
δy∗

+
κ2x20
2

δx∗

))
− (τ ′)2

(
δy∗

+
3κ2x20δx

∗

2

)
+ (τ ′)3

√
2κx0

(x0
3

− δx∗

)
+ O

(
(τ ′)4

)
, (35)

so that, when we finally set δ = k−2/3 and τ ′
= k−1/3(

√
2κx20)

−1/3ζ , we obtain a prefactor proportional to exp(ikκ4x50/40)
multiplied by the Airy function∫

∞

−∞

exp
[
i
(

−(sgn x0)
(
2κ2

|x0|
)1/3 (

y∗
+

κ2x20x
∗

2

)
ζ +

ζ 3

3

)]
dζ

= 2πAi
(

−(sgn x0)
(
2κ2

|x0|
)1/3 (

y∗
+

κ2x20x
∗

2

))
. (36)
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Serrated trailing edge (2019) (Huang)

Scattering from plate with serrations 229

xO

y

z

Incident wave

FIGURE 1. Sketch of the model problem. Here, x, y, z are the coordinates, O the origin,
χ(z) the profile of serrations, 2hs the root-to-tip distance and θ the incident angle.

Joseph (2016) have proposed a prediction model for aerofoil broadband self-noise.
Both works consider aerofoils with straight trailing edges. Howe (1991b) and Lyu,
Azarpeyvand & Sinayoko (2016) have proposed theoretical models for a flat-plate
aerofoil with trailing-edge serrations, from which a wall pressure turbulent gust is
scattered to far-field regions. Overall, theoretical models that illuminate the possible
acoustic scattering from a serrated plate due to external incident sound waves are
still rare. To address this issue, the current work endeavours to develop a theoretical
model to study the scattering from serrations. The key contribution of this work is
the analytic (and innovative) description of the acoustic scattering effect of serrations
by incorporating Fourier series expansions and the Wiener–Hopf method.

The Wiener–Hopf method is a powerful mathematical tool which can yield
closed-form analytical solutions for classical scattering problems such as diffraction
from a rigid flat plate (Noble 1958) and duct radiation (Munt 1977; Rienstra 1984;
Gabard & Astley 2006; Veitch & Peake 2008; Liu et al. 2016). To take account of the
serrated open ends, the current work further extends Noble’s classical model, which
is also known as the rigid screen diffraction problem (Noble 1958), by adopting the
Fourier expansion concept proposed in a recent study (Liu et al. 2016). In particular,
the periodic profiles of the serrations can be described by means of Fourier series
that will accurately represent the geometrical layout of the periodic serrations in the
lateral direction. Then, a Wiener–Hopf based theoretical model can be established
to analytically examine the scattering waves from the serrated plate. The associated
matrix Wiener–Hopf kernel can be derived and a rigorous closed-form solution will
be eventually obtained. It will become clear later in this paper that the matrix kernel
is diagonal and, therefore, its mathematical manipulation (i.e. the kernel factorisation)
is already well known (Noble 1958). Overall, the most difficult part of this work
is the modelling of the current problem of interest in the theoretical Wiener–Hopf
framework, which can mathematically elucidate the effect of the serrations as a
convolution operation in the wavenumber domain.

A recent theoretical work (Lyu et al. 2016) has developed a noise prediction model
for periodic sawtooth edges by means of Fourier series expansion. The modelling of
the scattered field was treated by a straightforward generalisation of Schwarzschild’s
technique for the Helmholtz equation with semi-infinite mixed boundary conditions.
In particular, a sawtooth edge was transformed to an equivalent straight edge by

https:/www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2017.176
Downloaded from https:/www.cambridge.org/core. HKUST Library, on 25 Apr 2017 at 12:06:12, subject to the Cambridge Core terms of use, available at
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Serrated trailing edge (2019) (Huang)

242 X. Huang
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FIGURE 6. The near-field results from the theoretical model, where the serrations are
sinusoidal-shaped with λ = 0.5 and hs = 0.3. The incident wave of f = 1000 Hz is at
θ = 45◦. The instantaneous sound pressure (a,c,e) and the SPL results (b,d, f ) are collected
at (a,b) the tip cross-section, (c,d) the medial cross-section and (e, f ) the root cross-section.
The black straight line in each panel denotes the silhouette of the serrated flat plate at the
corresponding cross-section.

numerical validation cases, which might affect the relatively weak scattered sound
fields in the third quadrant. A better computer with more memory could easily address
the above two issues.

3.2. Discussion
To further quantitate the noise control effects of the two representative types of
serrations, figure 10 compares the so-called scattering cross-section that is usually
used in the analysis of acoustic scattering. This specific criterion is defined as follows
(Huang, Zhong & Liu 2014a):

σ(θ, z)= lim
r→∞

2πr
ps(r, θ, z)

2

pi(r, θ, z)
2 . (3.1)

https:/www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2017.176
Downloaded from https:/www.cambridge.org/core. HKUST Library, on 25 Apr 2017 at 12:06:12, subject to the Cambridge Core terms of use, available at
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Figure 1

The flight and wing specializations of owls. (a) The gliding phase of the barn owl (Tyto alba) culminates in (b) a wing flare and lunging
motion with its talons. (c) Physical features at the wing edges and the owl upper-wing surface have been the focus of research efforts to
understand their silent flight. Images are adapted with permission from the Slater Museum of Natural History (wing), Ian Davies
(gliding owl), Chris Jimenez (owl with prey), Riley Saeger (downy surface), and Christa Neu (feather, leading-edge comb, and fringe).

2.2. Owl Noise Measurements and the Threshold of Hearing

Thorpe & Griffin (1962b) conducted the first acoustic measurements of owls in free flight, whose
aerodynamic noise in the ultrasonic frequency range (above 15 kHz) could not be detected by their
experimental apparatus.The multiple owl species examined included the scops owl (Otus scops), lit-
tle owl (Athene noctua), tawny owl (Strix aluco), barn owl (Tyto alba), long-eared owl (Asio otus), and
cayenne owl (Rhinoptynx clamator).Ultrasound could not be detected from any of these owl species
during gliding flight, in contrast to a broad range of non-owl species of comparable size for which
this ultrasonic noise component could be reliably measured. Later comparative measurements by
Neuhaus et al. (1973) found that the peak noise from a mallard duck (Anas platyrhynchos) occurred
near 4 kHz, which lies within the frequency range of maximum sensitivity for humans and owls
alike (Konishi 1973). However, the peak noise for the tawny owl (S. aluco) occurred within a lower
frequency range of 200 to 700 Hz, and its maximum sound pressure was reported to be smaller by
a factor of 30 (approximately 30 dB quieter) than the mallard. Additionally, Neuhaus et al. (1973)
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Figure 5

Aerodynamic noise suppression from leading-edge serrations and its dependence on geometry. (a) Serration geometries without
stationary points are necessary to maximize leading-edge noise reduction. The sharpness of the serration with height h and wavelength
λ is parameterized by b. (Inset) The pointed leading-edge comb of a long-eared owl. (b) Experimental measurements of sound pressure
level (SPL) in the acoustic far field for a flat plate at zero angle of attack as a function of nondimensional frequency, with acoustic wave
number k and height h. “Self-noise” refers to a serrated case (b = 1.5π ) without upstream grid turbulence, and “baseline” refers to a
straight leading edge case (b = 0) with grid turbulence. Grid turbulence intensity is 2.5%, with an integral length scale of approximately
6 mm. These serration geometries produce up to 8-dB noise reduction and the removal of leading-edge noise in the self-noise-
dominant regime. Figure adapted with permission from Lyu et al. (2018).

is an important mechanism for serrated edges. Chaitanya et al. (2017) determined experimentally
that the optimum (sinusoidal) edge wavelength is approximately four times the integral length
scale of the incoming turbulence. At this wavelength, the acoustic sources located in the serration
trough transition from coherent excitation to just becoming incoherent, which holds for both
the flat plate and real airfoil geometries tested. The pursuit of optimal serration designs led
Lyu et al. (2018) to determine analytically that thin, pointed serrations yield the greatest noise
reduction, which is supported by companion measurements and is shown in Figure 5b. It is
tempting to compare these optimized shapes to the leading-edge comb of the owl. These recent
high-quality research articles integrating mathematical analysis, aeroacoustic measurements, and
computational simulations lead one to believe that yet more critical physical insight into serrated
edges is still to come from such coordinated efforts.

6.2. Porosity of Aerodynamic Planforms and Edges

Trailing-edge noise represents the minimum noise level possible for airframes and moving blades.
Therefore, modifications to the trailing edge have attracted considerable interest as a means to
suppress turbulence noise arising from edge scattering. As described previously in Section 4.1,
edge noise is caused by the sharp acoustic impedance discontinuity experienced by turbulent ed-
dies as they move from being over the airfoil surface (no penetration) into the wake (pressure
release). The effect of this discontinuity may be softened by a porous edge or extension, whereby
the transition in the wall boundary condition is gradual. Hayden (1976) identified several addi-
tional classes of edge design to achieve effective porosity gradients over a finite region near the
trailing edge: a uniformly porous edge with varying thickness, a porous airfoil surface with sin-
gle or multiple internal cavities, and a solid, slitted (serrated) edge. Experimental application of
his variable-impedance edge design to a depressed trailing-edge flap with upper-surface blowing
demonstrated a 6-dB reduction at its low-frequency peak and approximately 3- to 6-dB reduction
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FIGURE 1. Diagram of the model problem: a semi-infinite rigid plate lies in y= 0, x< 0,
and a finite porous plate lies in y= 0, 0< x< L. An unsteady perturbation, φi, convects
with the mean flow in the positive x direction.

(i) a partial factorisation with exponential factors in the desired half-planes;
(ii) additive splitting of some terms;

(iii) application of Liouville’s theorem;
(iv) iterative procedure to determine the remaining unknowns.

Importantly, this method is entirely algorithmic and bypasses the need to construct a
multiplicative matrix factorisation. Theoretical aspects of this method were addressed
in Kisil (2017). We validate the method by considering the two-dimensional
Wiener–Hopf problem of the scattering of a sound wave by a finite impermeable
plate, which has a known solution (McLachlan 1964). We then use the method to
investigate the generation of sound by a gust convecting in uniform flow over a
semi-infinite impermeable plate with a finite porous extension. We use these results
to investigate the effects of a impermeable–permeable junction on the results predicted
by Jaworski & Peake (2013).

We present full details for the derivation of the porous extension problem in § 2,
followed by the iterative Wiener–Hopf method in § 3. In § 4 we briefly discuss
the appropriate formulation of the finite plate problem. In § 5.1 we present results
validating the new Wiener–Hopf factorisation method by comparing our finite plate
results to the known solution, then in § 5.2 we present results for the gust interacting
with a porous extension and the effects of an impermeable–permeable junction on
the noise-reduction predictions of Jaworski & Peake (2013). Finally we discuss our
conclusions in § 6.

2. Formulation of the problem

In order to investigate the effect of a finite porous edge on trailing-edge noise,
we consider the generation of noise by a convective gust with velocity potential
φi(x, y)eik3z−iωt interacting with a semi-infinite impermeable plate, x ∈ (−∞, 0), y= 0,
with a porous edge, x∈ (0, L), y= 0, such that the impermeable–permeable junction is
at x, y= 0, as illustrated in figure 1. The steady background mean flow is parallel to
the plate in the positive x-direction and has Mach number M. The matrix Wiener–Hopf
problem is obtained by considering the Fourier transform of appropriate boundary
conditions with respect to the ends of the porous plate at x= 0 and x= L.

We introduce a scattered velocity potential of the form

φ1(x, y)eik3z−iωt, (2.1)

and in what follows, the time factor e−iωt will be omitted and we shall neglect the
z-dependence (k3 = 0).
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FIGURE 10. 1P(k0) for semi-infinite partially porous plates with varying porosity
parameter, µ.

Figure 10 shows the difference in dB of the sound power predicted from a fully
porous plate to that predicted from our partially porous plate, namely

1P(k0)= 10 log10




∫ π

0
|Dfully(θ)|

2 dθ
∫ π

0
|Dpartial(θ)|

2 dθ


 , (5.3)

where Dpartial(θ) is the directivity predicted for our partially porous plate, equation
(2.29), and Dfully(θ) is the corresponding directivity predicted if the plate were fully
porous.

We see for all mid to high frequencies and all porosity parameters the relative
difference is always negative. We therefore assess that the effect of the permeable–
impermeable joint is to slightly increase the total noise generated at the trailing edge
in comparison to either a fully rigid or fully porous plate (since at high frequencies
these two predictions are identical). This increase is minor (approximately 1–2 dB)
in comparison to the decreases in noise seen at low frequencies. The increase is
greatest for higher porosity plates since there is a bigger difference in the two
scattering points thus a greater interaction effect of the two fields. The difference in
sound oscillates with frequency k0 since an interference between the trailing edge
and the impermeable–permeable junction can be constructive or destructive. Our
prediction of an increase in noise for a partially porous plate is in agreement with
the experimental findings of Geyer & Sarradj (2014), although they speculated that
their observed high-frequency noise increase for partially porous aerofoil (compared
to fully impermeable aerofoils) was due to increased surface roughness noise. As our
model does not allow for roughness noise, we propose a combination of increased
roughness noise, and interference effects between the impermeable–permeable junction
and trailing edge can lead to an increase of noise at high frequencies when an aerofoil
is partially porous.

Using the results of figure 10 we can estimate the interaction effect of the
impermeable–permeable junction to be of the form 1+µeiM2Lk0 , where the 1 denotes
the scattering from the porous trailing-edge tip, and µeiM2Lk0 is the interference caused
by the impermeable–permeable junction, which sensibly tends to zero as the plate
becomes fully rigid. In figure 11 we plot this interaction function (shifted to align
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The quarter plane (2018) (Assier & Shanin)
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Fig. 1 (left) Geometry of the problem. (centre) ‘Bottom lid’ of �R,ε . The quarter-plane is in grey. (right)
Illustration of the Qi quadrants

where k is a wavenumber parameter, such that k2 = 1 + iε, ε being a small positive parameter. The
total field is the sum of the incident and scattered fields:

ut = uin + u.

The incident field is a plane wave given by

uin = exp

{
i

(
k1x1 + k2x2 −

√
k2 − k2

1 − k2
2 x3

)}
.

The boundary condition is of inhomogeneous Dirichlet type on both faces of the QP:

u(x1, x2, 0) = − exp{i(k1x1 + k2x2)} if x1 > 0 and x2 > 0. (2)

We assume that Re(k1) > 0, Re(k2) > 0, and both values have a small positive imaginary part. The
condition Re(k1) > 0, Re(k2) > 0 is rather restrictive, since it means that the incident wave cannot
produce a doubly diffracted wave. However in this article, we only have the ambition to introduce the
theoretical framework that will allow us to make progress. The extension of this work to all possible
incidence directions will be the topic of future work.

The scattered field u should also obey some radiation conditions at infinity in the limiting absorption
form, that is, in the case of ε > 0, we need to have u tends to 0 as r = (x2

1 + x2
2 + x2

3)1/2 tends to ∞:

lim
r−→
ε>0

0
u = 0. (3)

The symmetry of the problem allows us to reduce in a standard way the problem for the scattered
field to a boundary value problem in the half space with mixed boundary condition. Here in particular,
we find that the scattered field is symmetric and hence we can reduce the problem to x1,2 ∈ R and
x3 ∈ R+, subject to the Neumann boundary condition

∂u

∂x3
(x1, x2, 0) = 0 if x1 < 0 or x2 < 0. (4)

Hence, in terms of regularity, we just need u to be infinitely smooth for x3 > 0 and continuous as
x3 → 0+. For the problem to be well posed, we also need to impose the so called Meixner conditions,

D
ow

nloaded from
 https://academ

ic.oup.com
/qjm

am
/article-abstract/72/1/51/5268873 by guest on 21 February 2019

27 / 32



The quarter plane (2018) (Assier & Shanin)

Copyedited by: ES MANUSCRIPT CATEGORY: Research article

[19:28 22/1/2019 OP-QJMA180021.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 67 51–86

ANALYTICAL CONTINUATION & QUARTER-PLANE 67

Fig. 6 Illustration of the contour deformation needed to prove analyticity on H− × R

loci in the ξ1 plane away from ξ�1 , while ensuring that its two shores do not cross in the process.
The value of J(ξ1, ξ�2 ) remain unchanged by such deformation. It is now possible to let ξ1 approach
ξ�1 freely from within H− without hitting any singularity, and so J can be analytically continued to
(ξ�1 , ξ

�
2 ).
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Supersonic leading edge (2019) (Powles & CJC)
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Fig. 1. Gust convected at speed U in the x-direction past a stationary flat-plate aerofoil. The aerofoil occupies the half-plane y = 0, x ≥ 0, and the leading
edge lies along the z-axis.

Here R̄h = (x̄2 − ȳ2 − z̄2)1/2 is a hyperbolic polar distance from the origin, and θ̄h is a hyperbolic angle relative to the
vertical plane z = 0, defined so that tan θ̄h = −z̄/R̄h. Eq. (4) assumes that the upwash is of bounded spanwise extent
about the origin and that the Fourier transform F (ω,m) has no singularities in the complex m plane; it applies in the Mach
cone |ȳ2 + z̄2|1/2 ≤ x̄, outside of which there is no far field, given the localized upwash. All Mach wedges and cones extend
downstream of points on the leading edge, with width increasing downstream. The quantities r̄h and R̄h are always real;
terms containing them in formulae should be put equal to zero at positions which would make them imaginary, i.e. outside
of the corresponding wedge or cone. Eqs. (3) and (4) are the fundamental equations of supersonic leading edge noise for a
flat-plate aerofoil at zero angle of attack.

3. Localized gusts

3.1. The delta-function gust

A delta-function gust in the vertical plane through the origin is specified by the upwash function

f (t − x/U, z) = v0e−iω0(t−x/U)δ(z/a). (5)

Its Fourier transform at the leading edge x = 0, as given by (2), is

F (ω,m) = 2πv0aδ(ω − ω0). (6)

Here v0 is a vertical component of velocity, and a is a reference length; the gust strength is the integral over the leading edge
of the term v0δ(z/a) in (5), i.e. v0a, and this strength appears with a factor 2π in (6).

Insertion of (6) into the pressure integral (3), followed by integration with respect to ω, leaves a Bessel-function integral
of standard type. Evaluation of this integral yields the pressure field in the explicit form

p(x, y, z, t) =
−ρ0Mc0v̄0sgn(y)

π

ā
R̄h

e−iω0(t−Mx̄/c0) cos(kR̄h), (7)

where k = ω0/c0 is the free-space wavenumber. The bars on v̄0 and ā indicate that Doppler factors have been applied
according to the rule implicit in (1), that streamwise quantities are to be divided by M2

− 1, and transverse quantities
(vertical and spanwise) are to be divided by (M2

−1)1/2. Thus v̄0 = v0/(M2
−1)1/2 and ā = a/(M2

−1)1/2. This convention is
adopted throughout the paper. Expression (7) may also be written in terms of the spherical Bessel function y0, or the Bessel
function Y1/2, by means of the relations

y0(s) =

( π

2s

) 1
2
Y1/2(s) =

− cos(s)
s

. (8)

Thus (7) is in effect a separable solution of the wave equation, of standard type, but expressed in transformed coordinates.
Fig. 2(a) is a contour plot of the real part of the pressure field (7) at time t = 0 for Mach number M =

√
2 on a vertical

section through the x axis, and Fig. 2(b) shows the pressure field on the axis itself, together with its envelope. The pressure
has been scaled by (ρ0Mc0v̄0)(kā) tomake it dimensionless and reduce it to similarity form inMkx̄ and kR̄h. The pressure field
may be called the three-dimensional supersonic edgelet, since it is the sound produced by an individual point on the leading
edge. This field is much simpler than the subsonic three-dimensional edgelet, given as a contour integral in [8], where it is
referred to as the edgelet function E1; and it is slightly simpler than the two-dimensional supersonic edgelet given in [10].
Expression (7) applies in theMach cone |ȳ2 + z̄2|1/2 < x̄ emanating downstream from the origin; elsewhere the field is zero.
As the surface R̄h = 0 of the cone is approached, the pressure field acquires an inverse square root singularity, because of
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Fig. 4. Scaled pressure contours on transverse vertical sections for an anti-symmetric gust convected at Mach numberM =
√
2. (a) accurate plot on kx̄ = 8

from Eq. (11); (b) accurate plot on kx̄ = 16; (c) Keller approximation to (a), using Eq. (21) with coefficients (26); (d) Keller approximation to (b). Contour
values in (a), (c) are −0.5 to 0.5, and in (b), (d) are −0.25 to 0.25, marked low (L) to high (H). The dashed semi-circles are sections of the Mach cone R̄h = 0,
and the dashed half-ovals are sections of the surface (28) for σ = 0.5, outside of which the Keller approximation applies. In (c), (d) the Keller approximation
has a singular limit ±∞ along the vertical axis z = 0.

4. Spanwise discontinuous gusts

4.1. The basic anti-symmetric discontinuity

The simplest discontinuous gust has the anti-symmetric upwash function

f (t − x/U, z) = v0e−iω0(t−x/U)sgn(z), (17)

in which the sign function (signum) is defined by sgn(z) = ±1 for z ≷ 0 and sgn(0) = 0. Its Fourier transform at the leading
edge x = 0 is

F (ω,m) = −4π iv0
δ(ω − ω0)

m
. (18)

As the gust has no length scale, the pressure field depends on frequency and position only in the combinations kx, ky, and
kz, so that a change of frequency merely re-scales the pressure field, without altering its pattern.

Inside the Mach cone R̄h = 0, the acoustic field produced by (17) is three-dimensional; elsewhere the field is two-
dimensional. It follows from a basic two-dimensional result in [10] that outside the Mach cone, but inside the Mach wedge
r̄h = 0, the field is

p(x, y, t) = −ρ0Mc0v̄0sgn(y)sgn(z)e−iω0(t−Mx̄/c0)J0(kr̄h). (19)

Omission of the term sgn(z) from (19) gives the two-dimensional field produced by the upwash (17) with sgn(z) omitted.
Thus in what follows, the new aspect is the sound field inside theMach cone. This highly three-dimensional field is the effect
of the discontinuity in the upwash, and is the transition region between fields of type (19) when z changes sign. The field
may be computed numerically from the integral (11), with g(z) in (9) taken to be sgn(z); the integral cannot be evaluated
analytically, except as a type of incomplete Bessel function. Fig. 4(a, b) are accurate contour plots of the field on vertical
transverse sections kx̄ = 8, 16 for Mach number M =

√
2. The oscillations in pressure inside the Mach cone are evident, as

is the two-dimensional nature of the field outside the cone, indicated by the straight-line contours parallel to the z axis.

4.1.1. The Fresnel approximation
The far-field approximation (4) does not apply to the discontinuous gust (17), because of the pole in the m-plane in the

Fourier transform (18). Nevertheless, an accurate approximation to the field inside the Mach cone is available in terms of
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