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Fig. 1 Experimental shear thickening phenomenology. (a) Relative vis-

cosity h/h f as a function of shear stress s at different volume frac-

tions f (as labelled) for d = 3.78µm, PHSA-stabilised, PMMA spheres

in a cyclohexylbromide-decalin mixture of viscosity h f = 2.83⇥10−3Pas

(taken from Guy et al.3). The grey region is inaccessible due to inertial

edge fracture. (b) Symbols, viscosity “branches" for different (fixed) val-

ues of s in (a). Lines correspond to fits by eye to Eq. 1. The jamming

volume fraction at which each viscosity branch diverges, f J, depends

on s . Blue and red lines and symbols correspond respectively to the lim-

iting low-s and high-s viscosities, h0 and hm. (c) f J(s ), obtained from

the fits shown in (b). f J(s ) decreases smoothly from f 0, the f at which

h0 diverges, to f m, the f at which hm diverges. In all parts: shear thick-

ening arises at any f , e.g., f = 0.51, because increasing s decreases f J

[black arrow in (c)], shifting the viscosity branch in (b) to the left and so

increasing h [black arrows in (b) and (a)].

WC’s jamming volume fraction is a function of f only:

f WC
J = f f m+(1− f )f 0, (2)

changing linearly from random close packing, f 0, at f = 0 (all lu-

bricated contacts) to frictional jamming, f m, at f =1 (all frictional

contacts), Fig. 2(b). Thus, f WC
J ( f (s )) decreases with s , Fig. 2(c),

and determines h via some empirical form, e.g., Eq. 13,5, leading

to shear-thickening flow curves, Fig. 2(d) (line).

The WC model, Eq. 1-2, predicts the s - and f - dependent vis-

cosity, hWC(s , f ), from three inputs: the limiting frictionless and

frictional jamming points, f 0 and f m, and the s -dependent frac-

tion of frictional contacts, f . f m and f 0, can be obtained by fit-

ting viscosity branches at different s , as done in Fig. 1(b). They

are not related to shear thickening per se. On the other hand,

f , which determines the shape of the flow curve, is currently

inaccessible in experiments. Thus, various ansatzs are used to

fit the WC model to experiments. For sterically-stabilised PMMA

spheres, Guy et al.3 used a f -independent sigmoidal form:

f (s ) = exp[− (s⇤/s )b ], (3)

with b = 0.85. The single stress scale here, s⇤, is proportional

to the “engineering" onset stress at which h(s ) visibly begins to
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Fig. 2 Logic of the WC shear thickening model. (a) The fraction of fric-

tional contacts, f , takes a sigmoidal form. (b) f WC
J ( f ) is linearly inter-

polated between f 0 at f = 0 to f m at f = 1. (c) The previous two plots

directly give f WC
J ( f (s )), which is inverse sigmoidal. (d) Using f WC

J ( f (s ))

in Eq. 1 gives h(s ), which shows shear thickening (line). Testing the

WC model using simulations. The plot in (a) is calculated directly us-

ing contact forces from simulations of pure small-sphere supension at

f =0.53. See the text for how we obtain values for f 0 and f m to calculate

the f WC
J ( f ) plotted in (b) from Eq. 2. These two plots directly give the

f WC
J in (c), which, when used in Eq. 1 gives the flow curve in (d), hWC(s )

(line). The symbols in (d) are the computed viscosity from simulations.

increase. Guy et al. found s⇤µ d−2, suggesting s⇤µ F⇤/d2 where

F⇤⇠kBT/nm is a constant force3,10. Royer et al.5 used a similar

form to fit data for dispersions of charge-stabilised silica.

In discrete-element (DEM) simulations, f can be calculated di-

rectly from particle coordinates. A popular choice is to use the

“critical-load model" (CLM), in which µ jumpsfrom 0 to>0when

the normal contact force between particles, F, exceeds a thresh-

old value, F⇤(the critical load). This model reproduces9 the phe-

nomenology of Fig. 1 and unstable flow at high f . For a bidis-

perse mixture of spheres with diameter d1 and d2= d1/1.4, Mari

et al. found9 a f -independent f (s ) of the form Eq. 3, with b =1.1

and s⇤⇡ F⇤/[6p(d2/2)
2], and later used it to fit flow curves at a

range of f 18. Thus, in this one case, the WC model is fully vali-

dated: the measured fraction of frictional contacts used in Eq. 2

correctly predicts the viscosity. The similarity between the forms

of f (s ) used to fit experiments and measured in simulations sug-

gests that f in mildly-polydisperse experimental systems can in-

deed be well described by Eq. 3 or some similar form.

In these studies, a weak polydispersity (= standard deviation

normalised by the mean of the particle size distribution) s. 20%

isused to inhibit shear-induced crystallisation 9. Industrial disper-

sions typically have broad, often multimodal, size distributions

with s& 100%. The low-s phenomenology in Fig. 1 appears also

to hold for such industrial systems11,19–21, but the validity of WC

theory in these more complex suspensions has not been tested.

Indeed, it is a surprise for the WC model to work, and work

well, even for low-s systems. In suspension rheology, details of

the microstructure, fabric of the contact network and distribution

of forces matter. Cates pointed out long ago that the relatively

small number of nearest neighbours, ⇠O(10), usually precludes

any mean-field description 22. The success of his shear-thickening
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