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What is plastic, and why we want it?

Biological and 

Soft Systems

We need rigid, stiff materials to keep shape under duress: high temperature 

(for cooking, or for engines using fire) and high stress (for structures, or for 

war). Only one of these is good for the future…

Actually, we also need stiff materials to stand against aggressive chemistry 

(until new battery or solar-cell technology is developed). 

Originally, we (the mankind) started with ceramics and                           

metals (today annual production of iron is 1.2 bn tons)

Ceramics are not sustainable at all: once a shape is                                  

produced, there is no recycling. Metals are ‘better’: their rigid crystalline 

structure can be melted [melting transition Tm] and a new shape formed.

Difficulty with metals is in: [1] oxidation/chemistry, [2] cost, [3] weight, 

and also – unavoidable [4] creep. 



What is plastic, and why we want it?

Biological and 

Soft Systems

Plastic is a solid polymer: molecules made of {C, O, N, & H}. They are     

solid because at room temperature they have either crystalline [like metals] 

or glass [like ceramics] state below the melting temperature Tm. 

These are the most abundant elements in nature.Polymers don’t occur naturally (except some biological), but the synthetic 

production of plastic has been one of the great advances of 20-century:         

6-7 Nobel Prizes for various polymers: polyethylene, nylon, polystyrene, etc. 

They are cheap and serve most purposes.  
Millions of tons



What is wrong with plastic?

Biological and 

Soft Systems

Two things, as the present technology stands:

1. Recycling…

Like metals, plastics can be re-melted (Tm)

and formed into new shapes, but the “subtle” 

problem is that they all melt at more or less the 

same temperature (same C,O,N,H molecules), 

and it is impossible to separate different kinds. 

When different molecules are mixed, the 

resulting plastic has poor properties… 

So no practically useful recycling, contrary to 

what various political campaigns tell you.



What is wrong with plastic?

Biological and 

Soft Systems

Two things, as the present technology stands:

2. Limited ‘future-proof’

21-century expects smart materials, which 

have relevant function in addition to mere shape  

(like shape-memory metals).  The use in ‘solar’, 

‘battery’, and other chemical technology requires 

stability against aggressive solvents

To achieve these aims, these long molecules need to be 

crosslinked into a ‘polymer network’: then ‘shape-memory’ 

is possible, and chemicals do not penetrate into the dense 

matrix. 

But once crosslinked, there is no recycling – the shape 

you ‘freeze’ on crosslinking is forever…



What people want:

Biological and 

Soft Systems

We want plastics to be crosslinked into dense networks: to add chemical 

stability – and impart various ‘smart’ properties, such as shape-memory

(polymer must not be “liquid” above melting point Tm  as normal plastics are). 

Below Tm

Above Tm

Shape memory materials: US Patents and Articles



What people want:

Biological and 

Soft Systems

We want plastics to be crosslinked into dense networks.... 

The added liquid-crystalline order (due to polymer molecules preferring 

alignment below the l.c. transition point Tc) gives the reversible actuation

Heating

Cooling

Heating

Cooling



We could solve the conundrum:

Biological and 

Soft Systems

We want plastics to be crosslinked into dense networks ……

But once molecules are crosslinked, there is no re-moulding, re-shaping, 

or re-cycling. You can only make the “permanent network” once.

Sridharan, R., and I.M. Mathai, Transesterification Reactions, J. Sci. Ind. Res. 33:178 (1974)

Bond-exchange chemical reactions have been known for a long time. For 

example: transesterification is a process of swapping covalent bonds, while 

keeping the total number of bonds (ends) constant.

There are others, like dioxaborolane metathesis 



Vitrimers: the name coined in 2011

Biological and 

Soft Systems

Vitrimers from “vitrification” (as in glass): at a temperature above Tv the 

material is a very viscous fluid (so we can re-mould new shapes) – below Tv

it is a permanent elastic network (so we can impart ‘smart’ functionality by 

exploiting “the other transition”: melting Tm or liquid-crystalline Tc).

Once we have some covalent bonds (many or few, depending on purpose) 

in the network, which are capable of exchange – possibilities are many:



Vitrimers: elasticity with internal relaxation

Biological and 

Soft Systems

We want to develop a mathematical theory for the dynamic elastic response 

of “vitrimers”. Two related theories need to be examined first: [a] the pure 

elasticity of a permanent polymer network, and [b] the dynamic theory of a 

transient network…    

( what is a “transient network”, and how is it different from vitrimers?? )

The rubber elasticity is based on the key idea that the reference state of a 

material (before deformation) is permanently established on the network 

crosslinking … There are serious and deep questions of what happens on 

gradual increase of crosslinking density (towards, and past percolation) –

see the classical work of Deam, Ball & Edwards (1976-1980), and of 

Goldbart, Goldenfeld & Zippelius (1993-1998). 

But past percolation threshold, at higher crosslinking density,                

rubber elasticity is rather simple…



[a] Classical rubber elasticity

Biological and 

Soft Systems

Consider a random network, with a particular chain having N monomers of 

size a, and stretches between two crosslinks spanning a distance R0. In the 

simplest case, assuming affine deformation of the body, the deformed chain 

spans the new vector R, so that the affine deformation tensor: 𝐹𝑖𝑗 = 𝜕𝑅𝑖/𝜕𝑅0
𝑗

The (entropic) free energy of this chain is 𝐴chain = 1

2
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The total free energy is a sum over all chains, with random R, N. We can 

replace it with the average over the chain ensemble, with the probability to 

have an initial chain with R0, N in the network. This is where the permanent 

memory of the reference state is explored: 
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where the Gaussian mean square achieves the ‘magic’:
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[b] Classical rubber elasticity

Biological and 

Soft Systems

Actually, this simple expression                                              is wrong, 

because this energy will be minimized on taking all three principal values of 

the deformation tensor to zero (which means: volume collapses to zero).  

This is very easily fixed by implementing the constant volume constraint 

det 𝐹 = 1, and then the classical expression for uniaxial extension emerges:

where 𝜆 = 𝐹1 is the principal extension ratio. 

𝐴full =
1
2 𝜇 𝐹1

2 + 𝐹2
2 + 𝐹3

2

𝐴rubber =
1
2 𝜇 𝜆2 + 2/𝜆

This simple theory can be improved in several ways:

1. Account for chains being highly stretched (violating 

the Gaussian assumption). Most accurate is the 

“Gent model”

𝐴Gent = −1

2
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Soft Systems

Actually, this simple expression                                              is wrong, 

because this energy will be minimized on taking all three principal values of 

the deformation tensor to zero (which means: volume collapses to zero).  

This is very easily fixed by implementing the constant volume constraint 

det 𝐹 = 1, and then the classical expression for uniaxial extension emerges:

where 𝜆 = 𝐹1 is the principal extension ratio. 

𝐴full =
1
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2 + 𝐹2
2 + 𝐹3

2

𝐴rubber =
1
2 𝜇 𝜆2 + 2/𝜆

This simple theory can be improved in several ways:

2. Account for chains being entangled in the dense 

network ( “two tube models of rubber elasticity” ). 

The theory is advanced and elegant, but in practice 

one can avoid most entanglements by forming the 

network in a highly swollen state… 

𝐿0

𝜆𝐿0
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Biological and 

Soft Systems
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R

This simple theory can be improved in several ways:

3. Account for chain correlations. The “one-chain” 

model described above has been extended to 

three-, four- and 8-chain models. Some work a 

little better in various specific deformation    

regimes. But let’s stay with the simple model…



[b] Transient networks

Biological and 

Soft Systems

Transient networks are also called ‘physical gels’ because their crosslinks 

are held by weaker physical forces (as opposed to covalent bonds of the 

chains). Hydrophobic interactions [leading to local phase separation of chain 

segments], or a bit stronger hydrogen bonds [as in many biological gels]. 

Importantly: the chains can break-off a crosslink                                               

and re-connect to another. 

Rate of break: 𝛽 = 𝜔0𝑒
− 𝑊𝑏−𝑓𝑎 /𝑘𝐵𝑇

Rate of re-connection: 𝜚 = 1/ 𝑡diff + 1/𝜌0



[b] Transient networks

Biological and 

Soft Systems

Combining, the total number of elastically active network strands (crosslinks): 

𝑁𝑐 𝑡 = 𝑁𝑐 0 𝑒−  0
𝑡
𝛽 𝜏;0 𝑑𝜏 + 

0

𝑡

𝑁𝑏 𝜏 𝜚 𝑒−  𝜏
𝑡
𝛽 𝜏′;𝜏 𝑑𝜏′𝑑𝜏

where 𝑁𝑏 𝑡 = 𝑁𝑡𝑜𝑡 − 𝑁𝑐(𝑡) so that we have a closed integral equation for Nc

Rate of break: 𝛽(𝑡, 𝜏) = 𝜔0𝑒
− 𝑊𝑏−𝑓𝑎 /𝑘𝐵𝑇 depends on deformation at time t , 

with respect to the reference state at time t.

The deformation tensor 𝐹𝑖𝑗 𝑡; 𝜏 =
𝜕𝑅𝑖 𝑡

𝜕𝑅𝑗 𝜏
= 𝐹𝑖𝑘 𝑡; 0 𝐹𝑘𝑗

−1(𝜏; 0) f(t;t)



[b] Transient networks

Biological and 

Soft Systems

Combining, the total number of elastically active network strands (crosslinks): 

𝑁𝑐 𝑡 = 𝑁𝑐 0 𝑒−  0
𝑡
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where 𝑁𝑏 𝑡 = 𝑁𝑡𝑜𝑡 − 𝑁𝑐(𝑡) so that we have a closed integral equation for Nc

Rate of break: 𝛽(𝑡, 𝜏) = 𝜔0𝑒
− 𝑊𝑏−𝑓𝑎 /𝑘𝐵𝑇 depends on deformation at time t

with respect to the reference state at time t.

The elastic free energy, on deformation 𝐹𝑖𝑗(𝑡; 0) is made of two parts:

𝐴 𝑡 = 𝐴rubber 𝑡; 0 𝑒−  0
𝑡
𝛽 𝜏;0 𝑑𝜏

+ 
0

𝑡

 
𝑁𝑏 𝜏

𝑁𝑐 0 𝜚 𝑒−  𝜏
𝑡
𝛽 𝜏′;𝜏 𝑑𝜏′ 𝐴rubber 𝑡, 𝜏 𝑑𝜏

Diminishing of original crosslinks

New (also diminishing) 

crosslinks, for the strain 

w.r.t. the new reference 

state at t



[b] Transient networks

Biological and 

Soft Systems

In a simpler case when a fixed deformation l is applied at t=0, the               

re-crosslinked chains do not contribute elastically, and the                          

elastic free energy is

The stress relaxation looks simply exponential, but in reality the energy 

barrier for breaking Wb is distributed, and the relaxation becomes stretched 

exponential…

𝐴 𝑡 = 𝐴rubber(𝑁𝑐 , 𝜆) 𝑒
−𝛽 𝜆 𝑡

𝐴 𝑡 = 𝐴rubber 𝑡; 0 𝑒−  0
𝑡
𝛽 𝜏;0 𝑑𝜏

+ 
0

𝑡

 
𝑁𝑏 𝜏

𝑁𝑐 0 𝜚 𝑒−  𝜏
𝑡
𝛽 𝜏′;𝜏 𝑑𝜏′ 𝐴rubber 𝑡, 𝜏 𝑑𝜏

Original crosslinks dropping

New crosslinks are set at different deformation state



[b] Transient networks

Biological and 

Soft Systems

Averaging over a distribution of bond-breaking barriers:

𝐴 𝑡 = 𝐴rubber(𝑁𝑐 , 𝜆)  𝑑𝑊𝑏 𝑒−𝜔0𝑒
−
𝑊𝑏
𝑘𝐵𝑇 𝑡𝑒−

𝑊𝑏−𝑊∗ 2

2∆

This is difficult to calculate analytically (although good interpolations exist), 

but the numerical plot suggests a stretched exponential around 0.2)
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Vitrimer networks

Biological and 

Soft Systems

Vitrimer networks are different, because the breaking and re-connecting the 

covalent bonds are not separate – there is never a time when the broken-off 

dangling end is free. And, of course, the energy barrier Wb for bond breaking 

is high – but depends on the catalyst. 

So strictly exponential stress relaxation

is a signature of a true vitrimer!

Catalyst



Vitrimer networks

Biological and 

Soft Systems

Vitrimer networks are different, because the breaking and re-connecting the 

covalent bonds are not separate – there is never a time when the broken-off 

dangling end is free. And, of course, the energy barrier Wb for bond breaking 

is high – but depends on the catalyst. 

So strictly exponential stress relaxation 

is a signature of a true vitrimer!

( And we can find the bond 

activation energy Wb )



Vitrimer networks

Biological and 

Soft Systems

Let us assume for simplicity that the rate of breaking is constant (i.e. not 

affected by the applied deformation… [ ?! ]). Then the constraint on constant

number of bonds takes the form

1 = 𝑒−𝛽 𝑡 + 
0

𝑡

𝜚 𝑒−𝛽[𝑡−𝜏] 𝑑𝜏, so 𝑁𝑐 = 𝑐𝑜𝑛𝑠𝑡 when 𝜌 = 𝛽

𝐴 𝑡 = 𝐴rubber 𝑡; 0 𝑒−𝛽 𝑡+ 
0

𝑡

𝜚 𝑒−𝛽 𝑡−𝜏 𝐴rubber 𝑡, 𝜏 𝑑𝜏

Now the elastic free energy is much simpler:

where the chosen form of elastic energy depends on the strain 𝐹𝑖𝑗(𝑡, 𝜏). For 

instance, for the uniaxial extension 𝜆 =  𝛾𝑡 and the Gaussian rubber elasticity, 

this free energy becomes

𝐴 𝑡 = 1
2𝜇 𝑒−𝛽𝑡 𝜆(𝑡)2+

2
𝜆(𝑡)

−3 +
1
2𝜇  0

𝑡
𝜚 𝑒−𝛽[𝑡−𝜏]

𝜆(𝑡)
𝜆(𝜏)

2

+
2𝜆(𝜏)
𝜆(𝑡)

−3 𝑑𝜏



Vitrimer networks

Biological and 

Soft Systems

Applying a constant ramp of deformation: uniaxial extension 𝜆 =  𝛾𝑡 means 

the network reaches the yield point (at different rates of strain), which is 

close, but not quite equal to the mean time of bond breaking ~b -1



Dual networks

Biological and 

Soft Systems

An interesting and useful possibility is the “dual network”, where a controlled 

fraction of crosslinks is permanent – while the rest are bond-exchangeable. 

For example: 

Fixed

Variable
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Dual networks

Biological and 

Soft Systems

In this case, the two networks combine additively:

The main effect of this combination is that at very large strain, the remaining 

permanent network will respond with a diverging stress, making the non-

monotonic constitutive relation, and the associated instabilities (necking). 

𝐴 𝑡 = 𝐴rub 𝑡; 0 𝜈𝐺 + [1 − 𝜈] 𝑒−𝛽 𝑡 + [1 − 𝜈] 
0

𝑡

𝜚 𝑒−𝛽 𝑡−𝜏 𝐴rub 𝑡, 𝜏 𝑑𝜏



Dual networks

Biological and 

Soft Systems

In this case, the two networks combine additively:

𝐴 𝑡 = 𝐴rub 𝑡; 0 𝜈𝐺 + [1 − 𝜈] 𝑒−𝛽 𝑡 + [1 − 𝜈] 
0

𝑡

𝜚 𝑒−𝛽 𝑡−𝜏 𝐴rub 𝑡, 𝜏 𝑑𝜏

Time (s)

Experimentally, the theory 

is very good as long as the 

deformation rate is less 

than the natural rate of 

bond-breaking b. At faster 

rates, the simple theory 

overestimates the stress 

(the network yields and 

breaks much earlier)…

1/b ~ 6-7 s



Conclusions

Biological and 

Soft Systems

Plastics are really good, and fill the need in most areas of materials            

But they are ‘dumb’ materials, with really a one-off use.

There are many interesting ways to make plastics ‘smart’, while retaining 

their strong material properties. All these require network crosslinking (to 

form a defined ‘reference state’ on which all these fancy effects rely). 

Crosslinking is not compatible with the manufacturing process, or recycling.

Transient (physically bonded) networks do not have sufficient strength.

Adding the covalent bond-exchange reaction into the chemistry of 

underlying polymers resolves that conundrum: you now can mould and re-

mould vitrimer network at some higher temperature T>Tv, while explore 

smart properties as T<Tm or Tc. 

Expect smart plastics to be the dominant material in the near future…


