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Why curvature from flat sheets? 
•  Strong actuation if developing curvature is 
blocked. 
•  Induce stretch & compression (not just bend). 

Bend of 2-D curved object difficult 
•  cup of spoon 
•  imagine it were developing 

against a load. 

stretch 

compression 
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30°C  175 °C 

(Tim White et al) 

•  Reversible, shape-changing materials. 
•  Imprint designs. 
•  Steerable with light, heat, . .  
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Liquid Crystal Solids

Isotropic Elastomer Side-Chain LCE
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Photo-Actuation as an Achievable Option

- Photo alternative to thermal disruption of order.

Absorb photon 
into dye molecule

trans isomer cis isomer

Azo benzene

(straight) (bent)
Recovery

thermal or stimulated
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Liquid Crystal Rubber & Glass 
 

Heat and Light-induced, new, relaxed state: 

deformation 
gradient tensor 

director 
contracts 
elongates 
by factor 

Parallel 

Perp. 

opto-thermal Poisson ratio  

(glass) 

rubber 

(rubber) 

glass 

cool cool heat heat 
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Topography from in-plane variation of 
 
via director variation:   
 
Magnitude      spatially constant, varies with T and light.  
 
Aim: Gaussian-curved surfaces of revolution. 
 
Aharoni et al (2014) – Cartesian patterns of           , also the inverse 
problem. Sharon, Efrati et al. (2010, 2007 – review, swelling, 
circular + Cartesian, leaves, plates, . .) 
 
Mostajeran et al (2015, 2016, 2018) – circularly symmetric director, 
anchoring, inverse problem, evolution of directors and material 
curves.  
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space basis (flat)  

Lengths 

Metric tensor of 
current, relaxed state. Metric 

Spatial variation gives Gaussian Curvature. 
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C.D. Modes and M. Warner, Phys. Rev. E 92(1) 010401 (2015) 

Metric Programming
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In polar coordinates the metric then becomes:
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Substituting the form of a Frank minimizing texture for a single defect, for example, yields:
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Example of director variation 
Circularly symmetric – variation in          , angle of    to radial.  

Evolution with     of 
•  director spirals 
•  circles 
•  proto-radii 

(in material) 
before 

after 
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Challenges 
 
•  Forward: given          , what shells result as vary      
•  Inverse:   given shell shape and     , what   

     does not directly give shell – need to construct surface. 

Also questions of embedding, circular symmetry, anchoring. 

Mostajeran, MW 
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Cone – simplest – already subtle, even though GC = 0. 

(except at tip) 

director curves are log spirals 

Modes, Bhattacharya, MW (2010) 

Change    : geodesics 
don’t remain geodesics 
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contraction 

elongation 

Circle in plane 

but on cone 

Cone angle depends on 
thermal contraction. 

Nematic glass 

Azimuthal director; radii remain radii. 

Tuesday, September 11, 18



Quick Refresher: Anti-Cones

L.T. de Haan, C. Sanchez-Somolinos, C.M.W. 
Bastiaansen, A.P.H.J. Schenning, & D.J. Broer, Angew. 

Chem. Int. Ed. 51 12469 (2012)
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" P = 2πλ1+ν " r 

Gaussian curvature from flat sheets 1127
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Figure 3. The behaviour of I (n, A) for different values of n and as a function of A. When A is
large, I (n, A) approaches n. (Online version in colour).

The simplest possibilities for h are

h(r ; A, n) = Ar sin nf (3.4)

for anti-nodal line angle to the initially flat plane of a = tan−1 A (the amplitude
is A in effect; figure 1) and with integer n (so that the curve is closed). In
equation (3.2), this ansatz gives the relationship between the r coordinate and f
at constant R needed for the perimeter:

r = (1 + A2 sin2 nf)−1/2R. (3.5)

Returning r and the form of h to equation (3.3) for the perimeter gives, grouping
factors of R and simplifying,

P(R) = 2pRI (n, A), (3.6)

where I (n, A) depends only on the scale A and the state n:

I (n, A) =
! 1

0
du

!
n2A2 cos2 2pnu

(1 + A2 sin2 2pnu)2
+ 1

1 + A2 sin2 2pnu
.

Connecting the new natural radius and perimeter as in equation (3.1), avoiding
stretch requires I (n, A) = l1+n(T − T0); as temperature and hence spontaneous
distortion changes, so does the character (that is, A and n) of the anti-cone. The
negative Gaussian curvature localized at the apex of the anti-cone is −2p(I − 1).
As appropriate, I = 1 for n = 0—the surface is a flat plane. Otherwise, I ranges
from 1 to |n| for A = 0 → ∞ (figure 3).

The analogous cosine solutions simply give rise to rotated versions of the same
surfaces for all n ̸= 0, recovering the conical solution discussed earlier for n = 0
and l < 1. In this case, I (A; n = 0) ranges from 1 at A = 0 to 0 at A = ∞, as
required. The behaviour of I for n ̸= 0 is encouraging—our trial solutions yield
precisely the geometries that accommodate, at zero stretch energy, a cooling of our
azimuthal +1 defect below T0. However, since each individual surface is limited
to a maximum perimeter-to-radius ratio of 2p|n|, we would expect interesting

Proc. R. Soc. A (2011)

 on August 3, 2017http://rspa.royalsocietypublishing.org/Downloaded from 
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Transforming to a Mathematically Analogous Problem

3

Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)

The total bend energy is proportional to

!
dr.rds

!

(r̂∧ γ′) ·
γ′′

r

"2

=
! dr

r
ds
#

(r̂∧ γ′) · γ′′
$2
. (14)

where
"
ds is over s ∈ (0,2πλ1+ν). The 1/r with the γ′′ arises

because for r ̸= 1, the derivative T ′ is really 1
r
dT
ds =

γ′′

r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
#

(r̂∧ γ′) · γ′′
$2
factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing

"
dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For

Darboux Frame on the surface
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boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing

"
dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For

Darboux Frame on the surface

3

Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)
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r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
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factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the
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sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
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the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
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, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For

3

Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)
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r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
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(r̂∧ γ′) · γ′′
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factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing
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dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For
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Transforming to a Mathematically Analogous Problem

3

Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)

The total bend energy is proportional to
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ds is over s ∈ (0,2πλ1+ν). The 1/r with the γ′′ arises

because for r ̸= 1, the derivative T ′ is really 1
r
dT
ds =

γ′′

r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
#

(r̂∧ γ′) · γ′′
$2
factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing

"
dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For

Darboux Frame on the surface
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Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have
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sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
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the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
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, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For
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gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
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deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
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and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)

The total bend energy is proportional to
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where
"
ds is over s ∈ (0,2πλ1+ν). The 1/r with the γ′′ arises

because for r ̸= 1, the derivative T ′ is really 1
r
dT
ds =

γ′′

r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
#

(r̂∧ γ′) · γ′′
$2
factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing

"
dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For

But!

The curve as defined also lies on the surface of a 
sphere... what about the Darboux Frame of the curve 

w.r.t. the sphere?

3

Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)

The total bend energy is proportional to
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where
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ds is over s ∈ (0,2πλ1+ν). The 1/r with the γ′′ arises

because for r ̸= 1, the derivative T ′ is really 1
r
dT
ds =

γ′′

r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
#

(r̂∧ γ′) · γ′′
$2
factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing

"
dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For
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Transforming to a Mathematically Analogous Problem

3

Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)

The total bend energy is proportional to
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where
"
ds is over s ∈ (0,2πλ1+ν). The 1/r with the γ′′ arises

because for r ̸= 1, the derivative T ′ is really 1
r
dT
ds =

γ′′

r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
#

(r̂∧ γ′) · γ′′
$2
factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing

"
dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For

Darboux Frame on the surface

3

Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)

The total bend energy is proportional to

!
dr.rds

!

(r̂∧ γ′) ·
γ′′

r

"2

=
! dr

r
ds
#

(r̂∧ γ′) · γ′′
$2
. (14)

where
"
ds is over s ∈ (0,2πλ1+ν). The 1/r with the γ′′ arises

because for r ̸= 1, the derivative T ′ is really 1
r
dT
ds =

γ′′

r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
#

(r̂∧ γ′) · γ′′
$2
factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing

"
dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For

3

Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)

The total bend energy is proportional to
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ds is over s ∈ (0,2πλ1+ν). The 1/r with the γ′′ arises

because for r ̸= 1, the derivative T ′ is really 1
r
dT
ds =

γ′′

r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
#

(r̂∧ γ′) · γ′′
$2
factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing

"
dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For

But!

The curve as defined also lies on the surface of a 
sphere... what about the Darboux Frame of the curve 

w.r.t. the sphere?

3

Finite deformations: Denote by γ(s) a position on a curve on
the deformed surface with unit distance r = 1 from the ori-
gin; see Fig. 1(a). It will have evolved from the circle with
R = rλν = λν in the initial flat disc since these radii are per-
pendicular to n and contract by a factor of λ−ν. The initial
perimeter is therefore 2πλν which then changes by a factor of
λ (since it is along n) to 2πλ1+ν. Stretch is avoided and it
remains to minimize bend energy.
In the Darboux frame of the curve γ(s) with respect to the

deformed surface one has

T (s) = γ′(s) ; |γ′|= 1 tangent
u(s) ≡ u(γ(s)) unit surface normal
t(s) = u(s)∧T (s) tangent normal (11)

with ′ denoting d/ds. The rate of change of the tangent gives
the two components of bend:

T
′(s) = κnu(s)+κgt(s) (12)

where κn = u(s) ·T ′ and κg = t(s) ·T ′ are respectively the
normal and geodesic curvatures. We need to minimize the
integral of κ2n over the deformed surface.
The surface is described by the scale-invariant curves

r(s) = rγ(s). By construction γ(s) · γ(s) = 1 whence γ′(s) ·
γ(s)≡ γ′ · r̂= 0. For clarity later, we have written γ= r̂, a unit
vector in the surface to the curve. It is also perpendicular to γ′
and thus is r̂= t. From the Darboux triad we have u= r̂∧γ′,
whence from eq. (12) we have

κn = (r̂∧ γ′) · γ′′. (13)

The total bend energy is proportional to

!
dr.rds

!

(r̂∧ γ′) ·
γ′′

r

"2

=
! dr

r
ds
#

(r̂∧ γ′) · γ′′
$2
. (14)

where
"
ds is over s ∈ (0,2πλ1+ν). The 1/r with the γ′′ arises

because for r ̸= 1, the derivative T ′ is really 1
r
dT
ds =

γ′′

r . The
high bend energy density at the apex of the anti-cone is dis-
cussed in quantitative detail in [9], being smoothed out by
some stretch and in any event probably not arising because
of director escape into the third dimension during fabrication.
The essence of the normal bend energy of the anti-cone,

that is the
#

(r̂∧ γ′) · γ′′
$2
factor in eq. (14) associated with

the generator curves, can be re-written in terms of the Dar-
boux frame with respect to the surface of the sphere of radius
r = 1 on which the curve γ(s) can be also thought to live:
T (s) = γ′(s) as before, and r̂ = us(s) where the subscript
s denotes “on the sphere”. The third member of the triad is
the curve’s tangent normal on the sphere ts(s) = us ∧T =
r̂∧ γ′ = u. Thus the roles between the two frames have been
interchanged: u,t→ ts,us. The normal curvature, eq. (13),
on the anti-cone can be re-written as ts ·T ′ = κsg, that is, it
is the geodesic curvature of the generator curve, but on the

FIG. 3: (Color online) (Left) The curve γ(s) on the surface of a (unit)
sphere. (Right) The ruffle surface generated by families of the the
curves. A measure of the extra length accommodated by the ruffle
is ratio of the (new) perimeter L to the great circle length 2π, here
L/2π= λ1+ν = 2.20, and n= 3.

sphere (here s also denotes “on the sphere”). The normal bend
energy of the anti-cone that we require to minimize is the same
as minimizing

"
dAκs2g , which is the problem of minimizing

the geodesic curvature of an elastica on a sphere, see Langer
and Singer [15–18], which we now employ:
The curve on a sphere with minimal geodesic curvature en-

ergy has curvature as a function of arc length s of:

κsg = κ0cn(
κ0s
2p
, p) (15)

where cn is a Jacobi elliptic function, and κ0 is the maximal
curvature along the curve. The curve must be periodic in the
arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
plete elliptic integral of the first kind, since 4K(p) is the pe-
riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
the (new) radius r= 1. As before, n is the number of cycles in
one revolution. The parameter p ensures that the curve closes
up on the sphere’s surface – p= 0.51 in the illustration. Thus
the maximum curvature is fixed by

κ0
p
πλ1+ν = n4K(p). (16)

Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
Note that the small amplitude form adopted, Eq. (2), repre-

sents the appropriate limiting case of this general solution. For
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New Minimization Problem

This is precisely the classical problem of an elastica 
on the surface of a sphere...
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where cn is a Jacobi elliptic function, and κ0 is the maximal
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arc length, that is κ0

2pL = n4K(p) with K(p) being the com-
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riod of cn, and L= 2πλ1+ν is the (new) perimeter in terms of
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up on the sphere’s surface – p= 0.51 in the illustration. Thus
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Since T ′2 = γ′′2 = κs2g + κs2n = κs2g + 1
r2 = κs2g + 1, to plot in

real space one needs to solve γ′′2 = 1+ κs2g , with κsg given
by Eq. (15) for the trajectory γ(s). Results are of the form
of Fig. 3(left) for the trajectory γ(s) on a sphere, and of
Fig. 3(right) for the surface generated by it. Note in particular
that the inflection points of in κsg are on a closed geodesic (here
the equatorial great circle), there is re-entrance, there is no
constraint of φ = Φ, and, as expected by convexity, there are
no sharply bent ridges where the bend energy would is large.
For extreme elongations (large λ as found in elastomers) there
is so much extra arc length that has to be stored in the convo-
luted, bent trajectory that the curves eventually intersect them-
selves, forming orbit-like solutions [15–18] that are clearly
not accessible to our deforming, impenetrable surfaces, which
would then deviate from the solutions of Langer and Singer.
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