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Hierarchy of models

High-fidelity model

fhi : X → Y

Accurate(?) and costly

Low-fidelity model

flo : X → Y

Less accurate and less costly

The low-fidelity models estimate the same quantity from the same inputs,
but with lower cost and lower accuracy.
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Hierarchy of models
In general, we may have a sequence of models, with fhi = f (1)

f (i) : X → Y for i = 1, . . . , k

These models may (multilevel) or may not (multifidelity) be structurally
related

dXt

dt
= g(Xt , θ) + F (t, γ)
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Aim of multilevel/multifidelity modelling

Use the model hierarchy to learn from the high-fidelity model, but at
a lower computational cost.

Equivalently, learn better (lower variance) for the same cost.

ML/MF modelling is focussed on the best inference for the
high-fidelity model - not extracting different types of information
from an ensemble of models
i.e. different to usual aim of having multi-model ensembles.
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‘Outer-loop’ applications
Peherstorfer, Willcox, Gunzburger 2017

Analysis that requires multiple calls to f :

Uncertainty propagation, eg, E(fhi ) =
∫
fhi (x)π(x)dx

Inference π(x |D) ∝ π(D|x)π(x) where D = fhi (x) + ε for some x .

Optimization, eg, xopt = arg maxx fhi (x)
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Figure 1: Multifidelity methods combine the high-fidelity model with low-fidelity models.
The low-fidelity models are leveraged for speedup and the high-fidelity model is kept in the
loop to establish accuracy and/or convergence guarantees on the outer-loop result.

outer-loop applications. We distinguish between many-query and outer-loop applica-
tions by considering the latter to be the class of applications that target a specific
outer-loop result. In contrast, many-query applications do not necessarily target a
specific outer-loop result (and thus the set of outer-loop applications is essentially a
subset of the set of many-query applications). For example, performing a parame-
ter study is many-query but does not necessarily lead to a specific outer-loop result.
This distinction is important in the discussion of multifidelity methods, since accuracy
and/or convergence will be assessed relative to a specific outer-loop result.

The accuracy of the outer-loop result, as required by the problem at hand, can
be achieved by using the high-fidelity model fhi in each iteration of the outer loop;
however, evaluating the high-fidelity model in each iteration often leads to compu-
tational demands that exceed available resources. Simply replacing the high-fidelity
model fhi with a low-fidelity model flo can result in significant speedups but leads
to a lower—and typically unknown—approximation quality of the outer-loop result.
This is clearly unsatisfactory and motivates the need for multifidelity methods.

We survey here multifidelity methods for outer-loop applications. We consider the
class of multifidelity methods that have two key properties: (1) They leverage a low-

fidelity model flo (or in the general case multiple low-fidelity models f
(1)
lo , . . . , f

(k)
lo , k 2

N), to obtain computational speedups, and (2) they use recourse to the high-fidelity
model fhi to establish accuracy and/or convergence guarantees on the outer-loop
result, see Figure 1. Thus, multifidelity methods use low-fidelity models to reduce
the runtime where possible, but recourse to the high-fidelity model to preserve the
accuracy of the outer-loop result that would be obtained with a method that uses
only the high-fidelity model. The two key ingredients of multifidelity methods are

(1) low-fidelity models f
(1)
lo , . . . , f

(k)
lo , that provide useful approximations of the high-

fidelity model fhi, and (2) a model management strategy that distributes work among
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Statistical approaches
GPs, GPs, GPs - Hurrah, another nail!

Primarily based around the use of Gaussian processes

Think of these as probabilistic models of functions.

A GP is a random process indexed by x ∈ X say, such that for every finite
set of indices, x1, . . . , xn,

f = (f (x1), . . . , f (xn))

has a multivariate Gaussian distribution.
Why would we want to use this very restricted model?
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Answer 1
Class of models is closed under various operations.

Closed under addition

f1(·), f2(·) ∼ GP then (f1 + f2)(·) ∼ GP

Closed under Bayesian conditioning, i.e., if we observe

D = (f (x1), . . . , f (xn))

then
f |D ∼ GP

but with updated mean and covariance functions.

Closed under any linear operation. If L is a linear operator, then

Lf ∼ GP(Lm,LkL>)

e.g. df
dx ,
∫
f (x)dx , Af are all GPs
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Answer 2: non-parametric/kernel regression
Linear regression y = x>β + ε can be written solely in terms of inner
products x>x .

β̂ = arg min ||y − Xβ||22 + σ2||β||22
= X>(XX> + σ2I )−1y (the dual form)

We know that we can replace x by a feature vector in linear
regression, e.g., φ(x) = (1 x x2 cos(x))> etc.

For some features, inner product is equivalent to evaluating a kernel

φ(x)>φ(x ′) ≡ k(x , x ′)

where k : X × X → R is a semi-positive definite function.
Kernel trick: lift x into infinite dimensional feature space by
replacing inner products x>x ′ by k(x , x ′), but never evaluate these
features, only the n × n kernel matrix.

ŷ ′ = m(x ′) =
n∑

i=1

αik(x , xi )
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Generally, we don’t think about features, we just choose a kernel. But
choosing a kernel is implicitly choosing features, and our model only
includes functions that are linear combinations of this set of features (the
Reproducing Kernel Hilbert Space (RKHS) of k).

Example: If (modulo some detail)

φ(x) = (e−
(x−c1)2

2λ2 , . . . , e−
(x−cN )2

2λ2 )

then as N →∞ then

φ(x)>φ(x) = exp

(
−(x − x ′)2

2λ2

)

Although our simulator may not lie in the RKHS defined by k , this space
is much richer than any parametric regression model (and can be dense in
some sets of continuous bounded functions), and is thus more likely to
contain an element close to the simulator than any class of models that
contains only a finite number of features.
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Answer 3: Naturalness of GP framework

Why use Gaussian processes as non-parametric models?

One answer might come from Bayes linear methods1.
If we only knew the expectation and variance of some random variables,
X and Y , then how should we best do statistics?

It can been shown, that the best second-order inference we can do to
update our beliefs about X given Y is

E(X |Y ) = E(X ) + Cov(X ,Y )Var(Y )−1(Y − E(Y ))

which is exactly the Gaussian process update for the posterior mean.

So GPs are in some sense very natural approaches.

1

statistics without probability
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Multifidelity modelling via co-kriging
Craig et al. 1998, Kennedy et al. 2000, Cumming et al. 2009

Using a GP to approximate fhi is already a multi-fidelity approach in the
language of Peherstorfer et al.

In statistics UQ, multilevel usually refers to approaches where we model
multiple mechanistic models, f (1), . . . , f (k), each with a Gaussian process,
linking the emulators at each level.

We build surrogate models at each level of the model hierarchy, ie, given
training sets

Di = {(xj , yj = f (i)(xi ))j=1,...,n}
build emulator F (i) of f (i), linking the emulators at each level.
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Co-kriging
Kennedy and O’Hagan 2000 etc

If Markov property holds: F (i)(x) |= F (i+1)(x ′)|F (i+1)(x) then

F (i)(x) = ρiF
(i+1)(x) + δi (x)

F (i+1)(x) |= δi (x)

where
δi (·),Z (i)(·) ∼ GP(m(·), c(·, ·))

Le Gratiet and Garnier 2014 improve upon this by setting

F (i)(x) = ρi (x)F̂ (i+1)(x) + δi (x)

where F̂ (i+1) is a GP with distribution [F (i+1)(x)|Di+1]
This doesn’t change the prediction but is computationally cheaper, has
closed form expressions for the mean and variances, and has easily
computable cross-validation approximations.



Statistical approaches
Perdikaris et al. 2017 go further with the modelling:

F (i)(x) = gi (F
(i−1)(x)) + δi (x)

where gi (·) is another GP, resulting in a deep GP structure.

Once the emulator is built, it is used directly in the outer-loop
application. Generally, the approach is shown to work via demonstration
on a few examples.

no guarantees on performance
typical problems allow 10s of high fidelity runs.
methods suitable for black-box models

376 Le Gratiet & Garnier
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FIG. 2: Comparison between kriging and co-kriging with n1 = 25 runs for the cheap code (500 nested design sets
have been randomly generated for each n2). The solid line represents the averaged RMSE of the co-kriging, the dashed
line represents the averaged RMSE of the kriging, the dashed barplots represent the quantiles of probability 5% and
95% for the kriging RMSE and the solid barplots represent the quantiles of probability 5% and 95% of the co-kriging
RMSE. Co-kriging predictions are better than the ordinary kriging ones for small n2 and they converge to the same
accuracy when n2 tends to n1 = 25.

In this subsection, we use 5 runs for the expensive code z2(x) and 25 runs for the cheap code z1(x). This represents
8 min on a hexa-core processor, which is our constraint for an operational use. This is actually a toy example but in
industrial applications it is common to have a limited CPU budget on a multicore processor. Furthermore, the nested
design sets are those built in Section 6.1 and illustrated in Fig. 1 and to validate and compare our models, the 175
simulations of the expensive code are used.

Using the concentrated maximum likelihood (see Section 3.2), we have the following estimations for the corre-
lation hyperparameters: µ̂1 = (0.69, 1.20) and µ̂2 = (0.27, 1.37). According to the values of the hyperparameter
estimates, the co-kriging model is smooth since the correlation lengths are of the same order as the size of the input
parameter space. Furthermore, the estimated Pearson correlation between the two codes is 82.64%, which shows that
the amount of information contained in the cheap code is substantial.

Table 1 presents the results of the parameter estimations (see Section 3.1). We see in Table 1 that the correlation
between ØΩ1 and Ø2 is important which highlights the importance of taking into account the correlation between
these two coefficients for the parameter estimation. We also see that the adjustment parameter ØΩ1 is close to 1, which
means that the two codes are highly correlated [we note that g1(x) = 1, i.e., Ω1 = ØΩ1 ].

Figure 3 illustrates the contour plot of the kriging and co-kriging means; we can see significant differences between
the two surrogate models.

Table 2 compares the prediction accuracy of the co-kriging and the kriging models. The different coefficients are
estimated with the 175 responses of the expensive code on the test set:

• MaxAE: Maximal absolute value of the observed error.

• RMSE: Root mean squared value of the observed error.

• Q2 = 1 ° ||µZ2(Dtest) ° z2(Dtest)||2/||µZ2(Dtest) ° z̄2||2, with z̄2 = (
Pn2

i=1 z2(x
test
i ))/n2.

• RIMSE: Root of the average value of the kriging or co-kriging variance.
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Figure 9. Multi-fidelity modelling of mixed convection: (a) sketch of mixed convection of flow over a cylinder. (b,c,d)
Representative temperature fields obtained through high-fidelity Navier–Stokes simulations for aiding (φ = 14.8◦), cross
(φ = 97.7◦) and opposing (φ = 152.1◦) flows, respectively. (Adapted with permission from Babaee et al. [7].) (Online version
in colour.)
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Figure 10. Multi-fidelity modelling of mixed convection: (a) L2 error between the high-fidelity validation data and the
computed posterior mean of the NARGP, AR1 and GP models, as the number of high-fidelity training points is increased.
(b) Scatter plot of the NARGP, AR1 and GP posterior means versus the high-fidelity validation data, for a training case with
n1 = 200 low- and n2 = 20 high-fidelity observations. (Online version in colour.)

to construct a stochastic response surface for Nu = f (Re, Ri, φ) that significantly improves the
empirical correlations used so far in mixed convection modelling. It was shown that, although the
empirical low-fidelity expressions are relatively accurate for cross-flows with aiding convection
(i.e. small Richardson numbers and φ < 90◦), they become increasingly more inaccurate for
opposing flows (φ < 90◦) and Ri ≃ 1. Using the AR1 model to perform multi-fidelity information
fusion, the authors concluded that, in the latter regime of the input space, low-fidelity correlations
are not informative and high-fidelity simulations are needed to accurately capture the nonlinear
map Nu = f (Re, Ri, φ). We believe that this behaviour is probably the result of the limited
expressivity of the AR1 scheme employed in [7], in which a constant cross-correlation parameter
ρ was not sufficient to fully capture the correlation structure between the low- and high-fidelity
data. This motivates the use of the proposed NARGP algorithm in the hope that it can accurately
learn the space-dependent nonlinear cross-correlations between the low- and high-fidelity data,
and return a more accurate predictive distribution.

Here, we test the performance of NARGP using the same multi-fidelity dataset employed
by Babaee et al. [7]. The dataset comprises 1100 evaluations of the low-fidelity experimental
correlations for mixed convection put forth by Hatton et al. [23], and 300 high-fidelity direct
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FIG. 2: Comparison between kriging and co-kriging with n1 = 25 runs for the cheap code (500 nested design sets
have been randomly generated for each n2). The solid line represents the averaged RMSE of the co-kriging, the dashed
line represents the averaged RMSE of the kriging, the dashed barplots represent the quantiles of probability 5% and
95% for the kriging RMSE and the solid barplots represent the quantiles of probability 5% and 95% of the co-kriging
RMSE. Co-kriging predictions are better than the ordinary kriging ones for small n2 and they converge to the same
accuracy when n2 tends to n1 = 25.

In this subsection, we use 5 runs for the expensive code z2(x) and 25 runs for the cheap code z1(x). This represents
8 min on a hexa-core processor, which is our constraint for an operational use. This is actually a toy example but in
industrial applications it is common to have a limited CPU budget on a multicore processor. Furthermore, the nested
design sets are those built in Section 6.1 and illustrated in Fig. 1 and to validate and compare our models, the 175
simulations of the expensive code are used.

Using the concentrated maximum likelihood (see Section 3.2), we have the following estimations for the corre-
lation hyperparameters: µ̂1 = (0.69, 1.20) and µ̂2 = (0.27, 1.37). According to the values of the hyperparameter
estimates, the co-kriging model is smooth since the correlation lengths are of the same order as the size of the input
parameter space. Furthermore, the estimated Pearson correlation between the two codes is 82.64%, which shows that
the amount of information contained in the cheap code is substantial.

Table 1 presents the results of the parameter estimations (see Section 3.1). We see in Table 1 that the correlation
between ØΩ1 and Ø2 is important which highlights the importance of taking into account the correlation between
these two coefficients for the parameter estimation. We also see that the adjustment parameter ØΩ1 is close to 1, which
means that the two codes are highly correlated [we note that g1(x) = 1, i.e., Ω1 = ØΩ1 ].

Figure 3 illustrates the contour plot of the kriging and co-kriging means; we can see significant differences between
the two surrogate models.

Table 2 compares the prediction accuracy of the co-kriging and the kriging models. The different coefficients are
estimated with the 175 responses of the expensive code on the test set:

• MaxAE: Maximal absolute value of the observed error.

• RMSE: Root mean squared value of the observed error.

• Q2 = 1 ° ||µZ2(Dtest) ° z2(Dtest)||2/||µZ2(Dtest) ° z̄2||2, with z̄2 = (
Pn2

i=1 z2(x
test
i ))/n2.

• RIMSE: Root of the average value of the kriging or co-kriging variance.
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Figure 9. Multi-fidelity modelling of mixed convection: (a) sketch of mixed convection of flow over a cylinder. (b,c,d)
Representative temperature fields obtained through high-fidelity Navier–Stokes simulations for aiding (φ = 14.8◦), cross
(φ = 97.7◦) and opposing (φ = 152.1◦) flows, respectively. (Adapted with permission from Babaee et al. [7].) (Online version
in colour.)
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Figure 10. Multi-fidelity modelling of mixed convection: (a) L2 error between the high-fidelity validation data and the
computed posterior mean of the NARGP, AR1 and GP models, as the number of high-fidelity training points is increased.
(b) Scatter plot of the NARGP, AR1 and GP posterior means versus the high-fidelity validation data, for a training case with
n1 = 200 low- and n2 = 20 high-fidelity observations. (Online version in colour.)

to construct a stochastic response surface for Nu = f (Re, Ri, φ) that significantly improves the
empirical correlations used so far in mixed convection modelling. It was shown that, although the
empirical low-fidelity expressions are relatively accurate for cross-flows with aiding convection
(i.e. small Richardson numbers and φ < 90◦), they become increasingly more inaccurate for
opposing flows (φ < 90◦) and Ri ≃ 1. Using the AR1 model to perform multi-fidelity information
fusion, the authors concluded that, in the latter regime of the input space, low-fidelity correlations
are not informative and high-fidelity simulations are needed to accurately capture the nonlinear
map Nu = f (Re, Ri, φ). We believe that this behaviour is probably the result of the limited
expressivity of the AR1 scheme employed in [7], in which a constant cross-correlation parameter
ρ was not sufficient to fully capture the correlation structure between the low- and high-fidelity
data. This motivates the use of the proposed NARGP algorithm in the hope that it can accurately
learn the space-dependent nonlinear cross-correlations between the low- and high-fidelity data,
and return a more accurate predictive distribution.

Here, we test the performance of NARGP using the same multi-fidelity dataset employed
by Babaee et al. [7]. The dataset comprises 1100 evaluations of the low-fidelity experimental
correlations for mixed convection put forth by Hatton et al. [23], and 300 high-fidelity direct
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Figure 1: Multifidelity methods combine the high-fidelity model with low-fidelity models.
The low-fidelity models are leveraged for speedup and the high-fidelity model is kept in the
loop to establish accuracy and/or convergence guarantees on the outer-loop result.

outer-loop applications. We distinguish between many-query and outer-loop applica-
tions by considering the latter to be the class of applications that target a specific
outer-loop result. In contrast, many-query applications do not necessarily target a
specific outer-loop result (and thus the set of outer-loop applications is essentially a
subset of the set of many-query applications). For example, performing a parame-
ter study is many-query but does not necessarily lead to a specific outer-loop result.
This distinction is important in the discussion of multifidelity methods, since accuracy
and/or convergence will be assessed relative to a specific outer-loop result.

The accuracy of the outer-loop result, as required by the problem at hand, can
be achieved by using the high-fidelity model fhi in each iteration of the outer loop;
however, evaluating the high-fidelity model in each iteration often leads to compu-
tational demands that exceed available resources. Simply replacing the high-fidelity
model fhi with a low-fidelity model flo can result in significant speedups but leads
to a lower—and typically unknown—approximation quality of the outer-loop result.
This is clearly unsatisfactory and motivates the need for multifidelity methods.

We survey here multifidelity methods for outer-loop applications. We consider the
class of multifidelity methods that have two key properties: (1) They leverage a low-

fidelity model flo (or in the general case multiple low-fidelity models f
(1)
lo , . . . , f

(k)
lo , k 2

N), to obtain computational speedups, and (2) they use recourse to the high-fidelity
model fhi to establish accuracy and/or convergence guarantees on the outer-loop
result, see Figure 1. Thus, multifidelity methods use low-fidelity models to reduce
the runtime where possible, but recourse to the high-fidelity model to preserve the
accuracy of the outer-loop result that would be obtained with a method that uses
only the high-fidelity model. The two key ingredients of multifidelity methods are

(1) low-fidelity models f
(1)
lo , . . . , f

(k)
lo , that provide useful approximations of the high-

fidelity model fhi, and (2) a model management strategy that distributes work among

Focus on methods which have guarantees on the outer-loop result.

Typically methods determine a model management strategy, which
distributes work amongst the models whilst providing theoretical
guarantes establishing accuracy and/or convergence of outer-loop
result.



Example: Multi-fidelity Uncertainty Propagation
Control variates

Basic idea:

m an unbiased estimator of µ so that E(m) = µ

t a random variable with E(t) = τ

Then
m∗ = m + c(t − τ)

is also an unbiased estimator of µ for any c .

The optimal choice is c = −Cov(m, t)/Var(t) and then

Var(m∗) = (1− ρ2)Var(m)

where ρ = corr(m, t)

So if we can find an estimator t that is highly correlated with m we can
greatly improve our estimator.
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Example: Multi-fidelity Uncertainty Propagation
Peherstorfer, Willcox, Gunzburger 2016

Target: s = Ef (1)(X )

≈ 1

m

m∑

j=1

f (1)(xj) := ȳ
(1)
m

We create control variates by nesting the evaluation of the low-fidelity
simulators.
We’ll do m1 evaluations of f (1), m2 evaluations of f (2) etc with mi < mi+1

Given random samples X1, . . . ,Xm1 , . . . ,Xm2 , . . . ,Xmk
form estimator

ŝ = ȳ
(1)
m1 +

k∑

i=2

αi (ȳ
(i)
mi − ȳ

(i)
mi−1)

ŝ is obviously unbiased for s.
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ŝ is obviously unbiased for s.



Example: Multi-fidelity Uncertainty Propagation
Peherstorfer, Willcox, Gunzburger 2016

Target: s = Ef (1)(X )

≈ 1

m

m∑

j=1

f (1)(xj) := ȳ
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ŝ is obviously unbiased for s.



Peherstorfer et al. solve the optimization problem

min
m∈Rk ,α2,...,αk∈R

Var(ŝ)

s.t. m1 > 0

mi > mi−1

m>c = budget

for given simulator costs c1, . . . , ck .
The solution is a function of correlations ρ1,i = cor(f (1)(X ), f (i)(X )).
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Fig. 5. Plate model: The plot in (a) shows the variance of the MFMC estimator with two (high-
fidelity f (1), reduced f (2)), three (high-fidelity f (1), reduced f (2), data-fit f (5)), and all six models
f (1), . . . , f (6) (high-fidelity f (1), reduced f (2), f (3), f (4), data-fit f (5), and SVM f (6)). Compared to
the Monte Carlo method with the high-fidelity model only, a variance reduction of about four orders
of magnitude is achieved. This is similar to the speedup obtained with the MFMC estimator shown
in (b).

properties of the model but also how it relates to the models already present in the
MFMC estimator. Figure 5(a) also shows that the variance of the MFMC estimator
that uses all six models f (1), . . . , f (6)—the high-fidelity model, three reduced models,
the data-fit model, and the SVM model—is only slightly lower than the variance of
the MFMC estimator that uses the three models f (1), f (2), f (5). This again confirms
that the contribution of a surrogate models to the variance reduction depends on how
the surrogate model complements the models already present in the MFMC estima-
tor. Note that the variance Var[ŝ] of the MFMC estimator can be estimated without
model evaluations from the sample variances and the sample correlation coe�cients
with (3.6), and thus it is a computationally e�cient guide for adding surrogate mod-
els to the MFMC estimator. The estimated MSE shown in Figure 5(b) confirms the
variance reduction results in Figure 5(a).

Figure 6 reports the relative share of each model in the total number of model
evaluations, i.e., in the total number of samples. The shares of the models vary by
orders of magnitude between the high-fidelity, the reduced, the data-fit, and the SVM
models, reflecting their correlations and costs. Note that the relative shares of the
models are independent of the computational budget p, because all components of
m⇤ scale linearly with p; see Theorem 3.4.

We use the sample variances and the sample correlation coe�cients to determine
the number of model evaluations m and the coe�cients ↵. Table 2 compares sam-
ple variances and sample correlation coe�cients computed from 10, 100, and 1000
samples. The di↵erent number of samples leads to di↵erent estimates. Note that
even though the sample variances �̄i, i = 1, . . . , k, change by a factor of two when
increasing the sample size from 10 to 100, the ratios �̄1/�̄i, i = 1, . . . , k change only
slightly. Since only the ratios �̄1/�̄i, i = 1, . . . , k, enter the computation of the co-
e�cients ↵, the variations in the sample variances have only a minor e↵ect on the
coe�cients ↵. This is confirmed by Figure 7, which shows that the perturbations in
the sample variances and the sample correlation coe�cients have a small e↵ect on the
estimated MSE of the MFMC estimator and on the distribution of the work; see also
the discussion in section 3.4 and Figure 2.
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Combining multifidelity MC with GP emulation

Imagine we have a expensive function f for which we want to estimate

Ef (X ) =

∫ 10

0

f (x)

10
dx



Combining multifidelity MC with GP emulation

Build a GP emulator:



Combining multifidelity MC with GP emulation
Use i) Monte Carlo, ii) just the GP, and iii) multifidelity Monte Carlo to
estimate the expectation. Repeat the procedure to get an idea of
sampling variation.

Total budget here is 10 expensive simulator evaluations, and I’ve assumed
c1

c2
= 105



Lower quality emulator

For a good emulator, the
MFMC estimate is worse than
the estimate which just naively
uses the GP.

However, the uncertainty
estimates for GP emulators are
often poor, particularly for
high dimensional problems.

For a poor emulator, MFMC
unbiases the estimate.



Problems of using GPs with MFMC

The method requires σ2
i = Varf (i)(X ) and ρ1,i .

I Estimating these is harder than estimating s = E(f (1)(x))
I Do poor estimates reduce or eliminate the benefit of MFMC?

When using GP emulators, for MFMC we’d need two or three
training sets

I train the emulator
I estimate the correlations and variances
I form the MFMC estimator

We can’t directly use the emulator training set to estimate
correlations.

I Can bootstrapping approaches reduce the number of simulator
evaluations necessary and give a MFMC-GP approach which is
guaranteed to be unbiased?
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Multi-level Monte CarloRunning Example – Model Hierarchy

L

0

V` X`

Here ↵ ⇡ 1 (for smooth fctls.) and � ⇡ 2 (using AMG)
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Assumes we have models that result from the coarsening of a fine
computational mesh.

The error rates and costs for each level are typically known
theoretically for each type of problem

Similar kind of nesting idea (again exploiting control variates idea)
used to form an estimator



Inference



Grey box models: physically obedient GPs

Black box methods use no knowledge of the underlying equations in the
model
Intrusive methods require complete knowledge

Can we develop ’grey-box’ methods?
E.g. suppose model output is f (x) where f is the solution of

F1
x [f ] = 0

F2
x [f ] = w(x)

...

Can we find GP emulators that obey simpler constraints exactly, and use
data to train to the other constraints?
E.g., guarantee that ∇.f = 0 or ∇× f = 0 etc.
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Grey box models: physically obedient GPs
Jidling et al. 2017

Simple idea: Suppose f = Gx [g ] for some linear operator Gx so that for
any function g , f satisfies Fx [f ] = 0 for linear operator Fx .

e.g. if f : R2 → R2 and

Fx =
(

∂
∂x

∂
∂y

)
ie Fx [f ] = ∇.f

then if

Gx =

( − ∂
∂y
∂
∂x

)

we have f = Gx [g ] satisfies Fx f = 0 for all functions g : R2 → R.
If g ∼ GP(m(·), k(·, ·)) then

f = Gx [g ] ∼ GP(Gx [m],GxkG′>x )

So we can train emulators of f that satisfy part of the model equations.
To find Gx such that FxGx we look for the null space of the operator
Fx ....
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Conclusions
A good many times I have been present at gatherings of [highly-educated]

people... who have with considerable gusto been expressing their incredulity at the
illiteracy of scientists. Once or twice I have been provoked and have asked the
company how many of them could describe the Second Law of Thermodynamics.
The response was cold...Yet I was asking something which is the scientific
equivalent of: Have you read a work of Shakespeare’s? C.P. Snow, ‘The Two
Cultures’

Equivalent for this workshop?

What about the real world?

I Stats aim is usually inference about the world, mathematical rigorous
approaches are necessarily limited to ‘model-land’.

Where is the theory? Error guarantees?

I theoretical error bounds essential for all methods in the math
community. Stats UQ comes with few guarantees of this kind - and is
generally validated empirically (perhaps it is unwise to be scared of
mice when there are tigers abroad).

Thank you for listening!
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