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Overview

The problem statement: recovering transformations
between sets of objects.

The mathematical framework: Geometric Algebra.
Emphasis on rotors.

A simple formula (1 + X2X1).

Applications.
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The Problem

Take a set of objects in 3D {Xi} and rotate and translate
them to another set of objects {X′i}, i = 1, .., n.

Given {Xi} and {X′i}, recover the transformation. In the
presence of noisy observations, recover the best
transformation.

Consider points, lines, planes, circles and spheres.

Can also include dilations but will not cover this here.
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Points: The Procrustes Method

Procrustes Superposition is finding the statistically best
translation, rotation, dilation, which makes one set of
objects sit on top of another set of objects. It is most
commonly used with point clouds.

Suppose a set of 3D points {Xi} are rotated and translated
to a set of points {X′i}, i = 1, .., n.

X′i = RXi + t =⇒ Xi = RT(X′i − t)

To find R and t, minimise

S =
n

∑
i=1

[
Xi − RT(X′i − t)

]2
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Procrustes, cont.....

Differentiate wrt t =⇒

t = X̄′ − RX̄, where Ȳ =
1
n

n

∑
i=1

Yi

Differentiate wrt R =⇒

R = VUT, where F = USVT

with Fjk = ∑n
i=1(ej·ui)(ek ·vi) and ui = X′i − X̄′ and vi = Xi.

Easy because the sum of the squared distances between
points was an obvious metric to use.
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How close is one line to another?

In 3D:
Use Plücker coordinates – a 6 element vector, 3 for the line’s
direction, and 3 for the moment of the line about the origin –
the 6 coordinates satisfy a constraint equation.

Put a Euclidean metric on coordinates and use least squares, or
weight the direction and moment squared terms separately.

In 2D:

[Drummond, Cipolla, PAMI, July 2002].
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Other Objects

Similarly, how close is a plane/circle/sphere to another
plane/circle/sphere??

10 / 39



Brief Introduction to Geometric Algebra

Consider a vector space with the usual inner product;

a·b

Also have an outer or wedge product which produces a new
quantity called a bivector

a∧b

Combine these into a single geometric product:

ab = a·b + a∧b

Unlike the inner and outer products, this product is
INVERTIBLE
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An algebra of geometric objects
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2D and 3D Geometric Algebras

In 2D we have two orthonormal basis vectors: e1, e2 [drop bold
for vectors from now on]

e2
1 = 1, e2

2 = 1, e1·e2 = 0

e1e2 = e1·e2 + e1∧e2 = e1∧e2 = −e2∧e1 ≡ I

Let us look at the properties of this bivector, I:

I2 = (e1e2)(e1e2) = −e1e1e2e2 = −(e1e1)(e2e2) = −1

So, in 2D we have a real geometric object which squares to -1 ! I
also performs rotations :

e1I = e1e1e2 = e2 and e2I = e2e1e2 = −e1

a rotation of 90 degrees anticlockwise.
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3D Geometric Algebras cont...

In 3D we have three orthonormal basis vectors: e1, e2, , e3

e2
1 = 1, e2

2 = 1, e2
3 = 1, e1·e2 = e2·e3 = e3·e1 = 0

e1e2e3 = e1∧e2∧e3 ≡ I

Again, look at the properties of this trivector, I:

I2 = (e1e2e3)(e1e2e3) = e1e1e2e3e2e3 = −(e1e1)(e2e2)(e3e3) = −1

So, we have another real geometric object which squares to -1 !
Indeed there are many such objects which square to −1 ; this
means that we seldom have need for complex numbers....
Call the highest grade object in the space the pseudoscalar –
unique up to scale
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Rotations in 3D

A rotor, R, which is an element of the algebra, can be written as
the exponential of a bivector and rotates via

a′ = RaR̃

R = e−B, B = Inθ/2

R = cos
θ

2
− In sin

θ

2

The bivector B gives us the plane of rotation (cf Lie groups and
quaternions). A rotor is a scalar plus bivector.
Comparing with quaternions

q = a0 + a1i + a2j + a3k i2 = j2 = k2 = ijk = −1

i = Ie1, j = −Ie2 k = Ie3
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Moving to 5D: the Conformal Model

Starting point is the representation of points as null
vectors.

These null vectors inhabit a space of two dimensions
higher than the base space.

So 3D Euclidean space is studied in a 5D GA, with
signature (4,1), ie {++++−}.

Basis is {e1, e2, e3, e, ē}, ei
2 = 1, e2 = 1, ē2 = −1

ei·ej = δij, e·e = 1, ē·ē = −1, ei·e = 0, ei·ē = 0, e·ē = 0
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Conformal Geometric Algebra [CGA]

We will call this 5d GA, conformal geometric algebra (see later).

We can then define the following null vectors:

n = e + ē, n̄ = e− ē, n2 = n̄2 = 0

And map vectors in 3D to vectors in 5D via:

X = F(x) =
1
2
(x2n + 2x− n̄) note X2 = 0

This may initially seem like a strange mapping: it can be shown
that it relates to a form of stereographic projection. The
mapping gives us a homogeneous system.
n̄ ≡ the origin, n ≡ the point at infinity
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Rotors in 5D

Rotors in CGA are also exponentials of bivectors – but this time
there are more bivectors to choose from.
If R is the exponential of a spatial bivector, (terms containing
only the ei),

x 7→ RxR̃ =⇒ F(x) 7→ F(RxR̃)

ie these rotors perform spatial rotations.

It can then be shown that rotors of the form

R = e
na
2 = 1 +

na
2

+
1
2!

(na
2

)2
+ . . . = 1 +

na
2

perform translations (along the 3D vector a).

Dilations can similarly be expressed as rotors.
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Incidence relations in conformal space

Can we encompass the incidence relations of projective
geometry in our conformal representation?
Consider

X1∧X2∧X3∧....∧Xn = 0

With the Xi conformal vectors.

Now rotate with R:

R(X1∧X2∧....∧Xn)R̃ = RX1R̃∧RX2R̃∧...∧RXnR̃ = 0

Therefore if a given incidence relation holds for a particular
case, it also holds for the transformed case. Note the covariant
nature of the relations here (wrt given transformations).
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Blades as objects: Lines and Planes

A line L through points A and B (5D) is encoded by

L = A∧B∧n

By this we mean that any points X lying on the line will satisfy

L∧X = 0 and X2 = 0

Similarly a plane Φ through points A, B, C is encoded by

Φ = A∧B∧C∧n

and any point X on the plane satisfies X∧Φ = 0.

Thus, lines are trivectors and planes are 4-vectors (both passing
through the point at infinity).
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Blades as objects: Circles and Spheres

In the same way we can define circles and spheres as elements
of the algebra.
If A, B, C (A, B, C, D) are points lying on a circle (sphere), we can
characterise the circle (sphere) via:

C = A∧B∧C Σ = A∧B∧C∧D

so that the equations of the circle and sphere are;

X∧C = 0 and X∧Σ = 0
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Summary of 5D primitives
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Note: a line is simply a circle passing through the point at
infinity [ie replace one of the points with n].

...and a plane is simple a sphere passing through the point at
infinity [ie replace one of the points with n].
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Transforming between objects: Lines

A conformal rotor RT takes line L1 to line L2 [normalise so that
L2 = 1]

L2 = RTL1R̃T

Consider the spinor quantity X = 1 + L2L1 and form Y = XL1X̃;

Y = (1 + L2L1)L1(1 + L2L1)̃ = (L1 + L2)(1 + L1L2)

which can be expanded as

Y = 2L2 + (L1L2 + L2L1)L2 = (2 + M12)L2

where M12 = L1L2 + L2L1 is the anticommutator of L1 and L2.
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Transforming between objects: Lines cont...

For lines M12 turns out to be a scalar plus a 4-vector of the form
I5n [I5 is the pseudoscalar for the 5D space]. It therefore
commutes with the line quantities.

Enabling us to write, if (2 + M12) = α + βI5n, an expression for
the rotor taking L1 to L2

RT = K(1 + L2L1), with K =
1√
α

[
1− β

2α
I5n
]
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Planes to Planes etc...

The expression for the rotation and translation rotor given on
the previous page holds more generally, ie if RT takes the object
X1 to the object X2, then

RT = K(1±X2X1), with K =
1√
α

[
1− β

2α
I5n
]

with 2 + (X1X2 + X2X1) = α + βI5n. Xi is a line, plane, circle or
sphere. β = 0 for planes and spheres.

Note: the 1±X2X1 above: this is because objects have a
handedness.
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A Procrustes algorithm for Lines and Planes

We are given a set of lines/planes, {Li}/{Φi}, and a set of
corresponding transformed (rotated and translated)
lines/planes, {L′i}/{Φ′i}. For each i we have, for no noise,

L′i = RTLiR̃T, Φ′i = RTΦiR̃T

where RT is the rotor taking one set to the other, i = 1, .., n.

We would therefore like the lines L̄i = RTLiR̃T to be as close as
possible to the lines L′i. Similarly for planes. So form the
following rotors

RL
i = KL

i (1 + L′iL̄i), RΦ
i = KΦ

i (1 + Φ′iΦ̄i)

...and ask that these rotors be as close as possible to the identity
– ie the lines coincide as much as possible.
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A Procrustes algorithm for Lines and Planes, cont...

Form a cost function to minimise – there are a number of
options:

F ({Li, L′i}) =
1
n

n

∑
i=1

[〈Ri〉0 − 1]2 + |[〈Ri〉2〈Ri〉2̃ ]|+ |[〈Ri〉4〈Ri〉4̃ ]|

or

F ({Li, L′i}) =
1
n

n

∑
i=1
|(Ri − 1)(Ri − 1)˜ |+ |Ri·e|2

We can optimise either in rotor space or in bivector space.
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Viewing the Line-Line Transformation

The formula RT = K(1 + L2L1) translates along the common
perpendicular of the two lines and rotates about the
intersection point.

Lines almost intersect in view. Sketch shows exp(−λB) where
B is the bivector extracted from RT.
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Viewing the Line-Line Transformation cont...

Lines come closest to intersecting in the distance. Sketch shows
exp(−λB) where B is the bivector extracted from RT.

31 / 39



Viewing the Line-Line Transformation cont..

Lines come closest to intersecting in the near distance. Sketch
shows exp(−λB) where B is the bivector extracted from RT.
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Viewing the Line-Line Transformation

Lines almost parallel. Sketch shows exp(−λB) where B is the
bivector extracted from RT.
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Recovering Optimal Rotors

For planes, lines, circles and spheres, simulations show
that the method introduced here is robust to both noise
and outliers.

Handedness of line etc matches must be dealt with
carefully.

Can test against other methods using a metric which takes
the sum of squared distances of points on the objects.
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Applications in Robotics

Consider a visually guided robot hand. The problem of
determining the relationship between the sensor and the hand
is referred to as the hand-eye calibration problem. Hand-eye
calibration is required for accurate movement mapping of the
hand frame into the camera frame.

[Daniilidis, 1999]

This can be reduced to a line-to-line problem by considering
the screw axes of the sensor and hand transformations.
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Applications in Vision

One obvious application is in calibration and reconstruction
from lines in multiple (at least 3) camera systems. There are
many scenarios where lines are much easier to extract than
points:

Squash and goal-line technology in football.
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Applications in Vision cont...

One possibility is to now reconstruct a line in space from n
views of the line in cameras (if camera calibration is known).
This can be done by intersecting planes and using ideas of how
close one line is to another.
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Tools for using the System

We [HH & EE] are currently putting together an environment
to allow people to test out these tools.

An ipython notebook hosted on Azure which provides the
complete environment.
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