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anisms can lead to oscillations which operate on both the slow, peripherally controlled
time scale and the fast, proliferatively controlled one. We consider this observation
to be a possible explanation of the apparent fact in Figure 2 that both reticulocytes
and platelets appear to oscillate on a fast as well as a slow time scale. Further study
of this behavior requires the extension of this model to accommodate multiple cell
lineages.
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OSCILLATIONS IN A MATURATION MODEL OF BLOOD CELL
PRODUCTION"

IVANA DROBNJAK† , A. C. FOWLER† , AND MICHAEL C. MACKEY‡

Abstract. We present a mathematical model of blood cell production which describes both the
development of cells through the cell cycle, and the maturation of these cells as they di!erentiate to
form the various mature blood cell types. The model di!ers from earlier similar ones by considering
primitive stem cells as a separate population from the di!erentiating cells, and this formulation
removes an apparent inconsistency in these earlier models. Three di!erent controls are included
in the model: proliferative control of stem cells, proliferative control of di!erentiating cells, and
peripheral control of stem cell committal rate. It is shown that an increase in sensitivity of these
controls can cause oscillations to occur through their interaction with time delays associated with
proliferation and di!erentiation, respectively. We show that the characters of these oscillations are
quite distinct and suggest that the model may explain an apparent superposition of fast and slow
oscillations which can occur in cyclical neutropenia.
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1. Introduction. A number of hematological diseases are characterized by os-
cillations in the circulating density of various types of blood cells. These include
chronic myelogenous leukemia (CML), cyclical neutropenia (CN), polycythemia vera
(PV) and aplastic anemia (AA). Examples of blood cell counts for CML and CN are
shown in Figures 1 and 2.

A review of the clinical data and a discussion of possible mechanisms for the
oscillations are given by Haurie, Dale, and Mackey [10]. These mechanisms focus on
the role of negative feedback control on proliferation and di!erentiation of blood cells
within the bone marrow, together with time delays due to cell cycling and maturation.
There are consequently a number of di!erent ways in which oscillations can occur,
and one object of mathematical modelling of blood cell development is to understand
which of these e!ects may be responsible for these oscillations.

Blood cells are produced through a process of di!erentiation from primitive stem
cells in the bone marrow. These pluripotential stem cells begin to develop along one of
several di!erent cell lineages, forming blast cells which eventually develop through a
number of di!erent stages to form the various kinds of blood cells. The most numerous
are the red blood cells, or erythrocytes, whose normal density in the blood is about
5 ! 106 cells µl#1. Their primary function is in transporting oxygen to the tissues.
Platelets are formed by the fragmentation of megakaryocytes, which develop in the
bone marrow. Platelets are present at levels of 5!105 cells µl#1, and their function is
in blood clotting. Finally, there are a number of di!erent white blood cells, the most
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A mathematical formulation is presented of Wilhelm Ostwald's supersaturation theory of Liesegang ring 
formation. The theory involves diffusion of two reactants toward one another, their chemical reaction to form 
a product, the reverse reaction, and diffusion of the product. When the product concentration reaches a 
certain supersaturation value, it begins to precipitate. It is shown that this theory can lead to recurrent 
precipitation, resulting in rings or bands of precipitate. Conditions under which this occurs are determined. In 
addition, the locations and times of formation of the bands are calculated and shown to agree with 
experimental results. 

I. INTRODUCTION 
Recurrent precipitation was discovered and investi-

gated by Liesegang1 in 1896. He placed a drop of silver 
nitrate solution on a glass plate covered with a gel con-
taining potassium dichromate, and found that concentric 
circular zones or rings of silver dichromate precipi-
tated. This is an instance of spatially recurrent precipi-
tation, sometimes called "periodic" precipitation. The 
zones of precipitate have come to be called "Liese gang 
rings." Many other similar cases have been observed 
since. They all involve chemical reactions in which 
the reactants diffuse toward one another. Usually such 
reactions result in a continuous zone of precipitation. 
To account for the Liesegang rings, Wilhelm Ostwald2 

in 1897 proposed a supersaturation mechanism. 

We shall present a mathematical formulation of this 
mechanism involving diffusion, reaction, and precipita-
tion controlled by supersaturation. Then, we shall show 
that it leads to recurrent precipitation under certain 
conditions, and we shall determine its quantitative con-
sequences. Finally, we shall compare these conse-
quences with experimental observations. 

There have been previous attempts to formulate and 
analyze recurrent precipitation by Wagner, 3 Prager, 4 

and Zeldovitch, Barenblatt, and Sagalnik. 5 They treated 
diffusion but did not analyze the chemical reaction and 
precipitation which are essential parts of the phenome-
non. Consequently, they were unable to determine the 
absolute sizes and times of formation of the rings. 
Other explanations of recurrent preCipitation have been 
proposed, and it is likely that in different cases differ-
ent mechanisms are operative. A review of these pro-
posals is given by Stern. 6 

In our analysis we shall consider the one-dimensional 
case. It is analytically a bit simpler than the two- or 
three-dimensional cases, and many of the experiments 
are done in test tubes and capillary tubes, which are 
essentially one dimensional. 

supported in part by the National Science Founda-
tion, the Army Research Office, the Air Force Office of 
Scientific Research, and the Office of Naval Research. 

supported in part by the National Science Foundation. 

II. FORMULATION OF THE THEORY 
Suppose two reactants A and B can react to form a 

product C which can form a precipitate D. The reaction 
rate r(a, b, c) is a function of the molar concentrations 
a(x, t), b(x, t), and c(x, t) of A, B, and C, respectively. 
If the reaction is of orders v A in A, VB in B, and Vc in 
C, then the law of mass action yields 

(2.1) 
Here k. and k. are rate constants for the forward and 
backward reactions, respectively. 

PreCipitation of C is assumed to begin only when c ex-
ceeds a certain supersaturation concentration c* which 
is greater than the saturation concentration c'. Once 
precipitation has begun it can continue as long as c> c S

• 

Thus, we assume that the preCipitation rate p(c,d) is 
given by 

p(c,d)=O, ifc<c*andd=O, 
(2.2) 

=q(c-c')., if ord>O. 

Here, d(x, t) is the molar concentration of the precipitate 
D, q is a rate constant, and (c - C S

). = C - c' if c - cs > 0, 
but (c - CS). =0 if c - cS::s O. We have assumed that the 
precipitate dissolves so slowly when c < CS that we have 
ignored dissolution in writing Eq. (2.2). 

In addition to reacting, A, B, and C can diffuse, while 
C can also precipitate. Thus a, b, and c satisfy the re-
action-diffusion-precipitation equations 

be =DB bxx - VB r , 

ct=Dccxx+vcr-p 

(2.3) 

(2.4) 

(2.5) 

We suppose that D does not diffuse, so its concentration 
d(x, t) satisfies the equation 

(2.6) 

To complete the formulation, we must specify the re-
gion of space within which the reagents occur, and give 
initial and boundary conditions on a, b, and c, and the 
initial value of d. We shall take the region to be x> 0, 
to represent an experiment in a long test tube or capil-
lary. We suppose that initially 
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Figure 1: Formation of Liesegang bands in test tubes. Image courtesy of Richard
Katz.

A typical experimental situation is shown in figure 1. A gel is formed of a weak
solution of potassium dichromate, and a thin layer of silver nitrate is then put on the
surface. Over a period of a few days, a series of bands is formed as shown. If the
gel is placed in a petri dish, with a drop of silver nitrate at the centre, a series of
concentric rings is formed.

The basic mechanism for the formation of the bands was identified by Ostwald
(1897a,b), and studied by a number of early workers, amongst them Morse and Peirce
(1903), Wagner (1950) and Prager (1956); a useful survey of some of this historical
work is given in the short book by Henisch (1988). There are a number of scaling
laws which have been found to apply in these experiments. The ‘spacing law’ was
described by Jablczynski (1923): if xn marks the distance of formation of the n-th
band from the initial interface of the dichromate with the silver nitrate, then the ratio
xn+1/xn is a constant; normally, greater than one as in figure 1, but occasionally less
than one (so-called revert patterning). Second, there is the ‘time law’ (Morse and
Peirce 1903), which states that xn ∝

√
t, indicating the diffusional nature of the

phenomenon. There is also a width law, which states that the successive band widths
wn also form a geometric progression, although it seems this is less reliable than the
other two laws.

Early theories of Liesegang patterning are described by Stern (1954), who con-
cluded that Ostwald’s supersaturation theory appeared adequate for most purposes.
In particular, the space and time laws indicate a self-similarity due to the diffusive
nature of the dynamics, and these form the basis of the discussions of Prager (1950)
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Abstract

We study the model of Keller and Rubinow (1981) describing the formation
of Liesegang rings due to Ostwald’s supersaturation mechanism. Keller and
Rubinow provided an approximate solution both for the growth and equilibra-
tion of the first band, and also for the formation of secondary bands, based
on a presumed asymptotic limit. However, they did not provide a parametric
basis for the assumptions in their solution, nor did they provide any numerical
corroboration, particularly of the secondary band formation. Here we provide a
different asymptotic solution, based on a specific parametric limit, and we show
that the growth and subsequent cessation of the first band can be explained.
We also show that the model is unable to explain the formation of finite width
secondary bands, and we confirm this result by numerical computation. We
conclude that the model is not fully posed, lacking a transition variable which
can describe the hysteretic switch across the nucleation threshold.

Keywords: Liesegang rings, Keller–Rubinow model, supersaturation theory.

1 Introduction

Liesegang rings are a series of banded precipitates which form in a number of chemical

reactions. Their name is associated with their discovery by Liesegang (1896), who de-

scribed them in the context of the precipitation of silver dichromate as a consequence

of the reaction of silver nitrate with potassium dichromate:

2AgNO3 + K2Cr2O7 → Ag2Cr2O7 + 2KNO3. (1.1)

1

and Wagner (1956). However, it is not until the paper of Keller and Rubinow (1981)
that a more sophisticated degree of modelling and analysis was applied. As do their
predecessors, Keller and Rubinow describe the reaction (1.1) as the schematic

2A + B
k+

�
k−

C
p
→ D, (1.2)

in which A denotes Ag+, B denotes Cr2O
2−
7 , C denotes Ag2Cr2OL

7 (i. e., dissolved), and
D denotes Ag2Cr2OS

7 (i. e., precipitated). Various forms of the theory which is then
developed are distinguished, depending on what is assumed about the precipitation
rate p. Keller and Rubinow adopt the simple assumption concerning supersaturated
nucleation:

p =






q[c− cs]+ if c ≥ cn > cs or d > 0,

0 if c < cn and d = 0,
(1.3)

where [x]+ = max(x, 0), cs is the saturation concentration of C and cn is the required
supersaturation for nucleation: d is the concentration of D, all of these being measured
in moles l−1 (M). The equation (1.3) states that if no crystal is present, then nucleation
and subsequent crystal growth does not commence until the concentration c reaches
the supersaturated value cn, whereas once a crystal is present, it continues to grow
for any concentration above the saturation value cs.

A different version of the theory is called ‘postnucleation theory’ (e. g., Flicker and
Ross 1974, Venzl 1986), and is based on a number of experimental results (Müller
and Ross 2003), such as those of Kai et al. (1982), who inferred that nucleation
occurred homogeneously in space, but that then precipitation bands formed through
the process of Ostwald ripening, in which larger particles grow at the expense of
smaller ones. A particular experiment of note in this context is that of Volford et al.
(2007). In this case, one can posit a precipitation rate given by (Mimura et al. 2006,
Venzl and Ross 1982b, Falkowitz and Keller 1988)

p = 4πqR2Rt,

RRt = k(c− ca), (1.4)

where R is the mean crystal radius, a subscript t denotes a partial time derivative,
and ca is given in terms of the Gibbs-Thomson relation by

ca =
G

R
, G =

2γTM

ρsmLL
, (1.5)

where γ is surface energy, TM is (crystallisation) temperature, ρs is crystal density,
mL is liquidus slope and L is latent heat. More generally, there is a distribution
of grain sizes described by nucleation/growth kinetics (Venzl and Ross 1982a). For
smaller particles, ca is larger, and thus Rt and thus also R is smaller, and in fact (1.4)
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where D is the diffusion coefficient of the solute, and Vc is the molar volume of the
precipitate (equal to its molecular weight divided by the density). To convert this to
a growth rate p in (1.3), where we suppose that the units of concentration are moles
l−1 (M), and thus the units of p are moles l−1 s−1 (the units of q are s−1), we note
that the precipitate concentration is

d =
πnI(d3

c − d3
I)

6Vc
, (2.12)

where nI is the number of impurities per litre (assumed of the same size). Relating
this to (1.3), we find that the Keller/Rubinow form is justified, and the rate coefficient
q is given by

q = 2πnIdID

�
1 +

Vcd

VI

�1/3

, (2.13)

where VI = 1
6πnId3

I is the volume density (m3 l−1) of the impurity. All of this dis-
cussion simply reinforces the Keller/Rubinow assumption in (1.3) of a discontinuous
growth rate.

3 Mathematical model

In order to focus attention, we begin with a statement of the Keller-Rubinow model.
The reaction scheme we consider is that given in (1.2), for which the relevant equations
are, assuming a one-dimensional domain,

at = DAaxx − 2r,

bt = DBbxx − r,

ct = DCcxx + r − p,

dt = p, (3.1)

where r is the reaction rate, given by

r = k+a2b− k−c, (3.2)

and the small letters indicate the concentrations of the corresponding chemical species:
a represents silver, and b dichromate. The precipitation rate is given by (1.3):

p =






q[c− cs]+ if c ≥ cn > cs or d > 0,

0 if c < cn and d = 0.
(3.3)

A more sophisticated version of this model is given by Fia�lkowski et al. (2005). We
suppose an initially uniform solution of b = b0 with a = 0, and we impose a boundary
condition a = a0 at x = 0; these correspond to the experimentally imposed conditions.
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We assume DB = DC , and then non-dimensionalise the equations by writing

a ∼ a0, b, d ∼ b0, c ∼ cn, p, r ∼ qcn, t ∼ b0

qcn
, x ∼

�
DAb0

qcn
, (3.4)

whence the dimensionless model is

at = axx − 2εr,

bt = δbxx − r,

νct = νδcxx − p + r,

dt = p, (3.5)

where

p =

�
[c− α]+ if c ≥ 1 or d > 0,

0 if c < 1 and d = 0,

r = Λ(λa2b− c). (3.6)

and we have defined

α =
cs

cn
< 1, ε =

b0

a0
� 1, ν =

cn

b0
, δ =

DB

DA
, λ =

k+a2
0b0

k−cn
, Λ =

k−
q

. (3.7)

In a saturated solution, we have

c = cs =
k+Ksp

k−
, (3.8)

where the solubility product Ksp is given by

Ksp = a2
sbs (3.9)

in saturation, and is measured; it follows that

λ =
αa2

0b0

a2
sbs

, (3.10)

so we can assume λ > α.
We now paraphrase Keller and Rubinow’s development, following Fowler (2011,

pp. 829 ff.). Suppose that the reaction is very fast, Λ� 1, so that r ≈ 0. Then

c ≈ λa2b. (3.11)

8
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Suitable initial conditions are

a = 0, b = 1, c = d = 0 at t = 0, (3.12)

and suitable boundary conditions are

a = 1, bx = cx = 0 at x = 0,

a→ 0, b→ 1, c→ 0 as x→∞. (3.13)

We define the total dichromate

B = b + νc, (3.14)

whence we obtain

Bt = δBxx − p,

dt = p, (3.15)

and also

c = AB, A =
λa2

1 + λνa2
,

p =

�
[AB − α]+ if AB ≥ 1 or d > 0,

0 if AB < 1 and d = 0.
(3.16)

Keller and Rubinow assume that the reaction term r can be neglected in the equation
for a because b0 � a0 (the dichromate is very dilute), and it is easy to show this by
combining (3.5)1,2; thus

a = erfc

�
x

2
√

t

�
. (3.17)

The monotonically decreasing function A is thus given by

A(θ) =
λ erfc2θ

1 + λν erfc2θ
, θ =

x

2
√

t
. (3.18)

The initial and boundary conditions are

B = 1, d = 0 at t = 0;

Bx = 0 at x = 0,

B → 1 as x→∞. (3.19)
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B → 1 as x→∞. (3.19)
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3.1 Primary precipitation

The maximum value of A =
λ

1 + λν
is at θ = 0, and thus precipitation occurs at

x = 0 providing λ >
1

1− ν
, as we assume (and also ν < 1). Keller and Rubinow

provide an approximate solution for their model, as follows. Initially, there is a central
precipitating region 0 < x < s(t), where p > 0, and p = 0 outside this. As long as
ṡ > 0, the concentration must be at the nucleation threshold, thus

AB = 1 at x = s, ṡ > 0. (3.20)

Conversely, while s is stationary, we must have

AB < 1 at x = s, ṡ = 0. (3.21)

Thus after the front becomes stationary, the possibility of secondary nucleation ahead
of the front arises.

Suppose that A(θ) is slowly varying in space, and that s is slowly varying in time;
then a quasi-static solution is appropriate. Since B is continuous at s, then AB = 1
there (if ṡ > 0), and this solution is

AB = α +
(1− α) cosh(

�
A∗x)

cosh(
�

A∗s)
, (3.22)

where A∗ = A/δ. For x > s, a stationary solution is not possible, but for slowly
varying s,

B = 1−
�

1− 1

A

�
erfc

�
x− s

2
√

δt

�
. (3.23)

Equating the derivatives Bx at s±, we find that s is determined by the relation

�
A(Θ)− 1�

A(Θ)
= (1− α)

√
πt tanh

��
A(Θ)

δ
s

�
, (3.24)

in which A(Θ) is given by (3.18), but with

Θ =
s

2
√

t
. (3.25)

To solve this, we define

u =

�
A(Θ)

δ
s, (3.26)

and then (3.24) can be written in the form

u tanh u =
2Θ√
δπ

�
A(Θ)− 1

(1− α)

�
. (3.27)
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In this way we get 

at=an-EvAa[(ka)"Ab"E-c"C] , (4.3) 

(4.4) 

VE ct + Vc bt = (VE Dc/DA) cn + Vc {32 bxx - vEP(c, d) , 
(4.5) 

dt",p(c,d). (4.6) 

In these equations all quantities are dimensionless, and 
. P is given by Eq. (2.2) with q = 1. The corresponding 

initial and boundary conditions are given by Eqs. (2.7) 
and (2.8) with ao = 1 and bo '" 1. 

We now set E = 0 in Eqs. (4.3)-(4.6) to obtain the 
equations for the leading term in the expansion of the 
solution around E = O. We find that Eq. (4.3) becomes 
the dimensionless form of Eq. (3.6), Eq. (4.4) becomes 
the dimensionless form of Eq. (3.1), Eq. (4.5) becomes 
the dimensionless form of Eq. (3.5), and Eq. (4.6) be-
comes the dimensionless form of Eq. (2.6). Thus, we 
have derived the equations obtained heuristically by the 
first two simplifications in Sec. III. The remaining two 
simplifications in that section then follow as before if 
Dc = DB and Vc '" VB' We see that the simplified equa-
tions hold when bo/ao is small, and when the other di-
mensionless quantities in Eq. (4.2) are of order unity. 
In fact, in experimental work bol ao often lies in the . 
range 10'3 to 10'1 (Stern,6 p. 81; Shinohara9). 

In summary, the dimensionless simplified equations 
of the theory are the following, in which v = V AI VB' 

k=ao(k.!kYI"A, and {32=DE/DA: 

a(x, t) '" erfc(x/2i 11 2) , (4.7) 

c(x,t)=b(ka)"[1+(ka)"],l, (4.8) 

bt ={32bn -{b(ka)"[1+(ka)"]'1-cS}+, ifc?c* ord>O, 
(4.9) 

bt ={32bxn ifc<c*andd=O, (4.10) 

dt ",{b(ka)"[1+(ka)"J"1-cS}+, ifc?c* ord>O, (4.11) 

dt = 0, if c < c* and d = ° , 
b(x,O)=1, d(x,O)=O, bJO,t) =0 . 

(4.12) 

(4.13) 

These equations contain the five dimensionless param-
eters {32, V, k, c*, and c s < c*. The first two equations 
give a and c, while Eqs. (4.11) and (4.12) determine d 
once b is found. Thus, the main problem is to solve 
Eqs. (4.9) and (4.10) for b. The condition d(x, t) > 0 is 
equivalent to the condition that c(x, i');?: c* for some 
i'<i, since then by Eq. (4.11), d(x,i»O. Therefore, 
the problem for b can be formulated without regard to d. 

V. DETERMINATION OF THE FIRST PRECIPITATION 
ZONE AT SHORT TIMES 

The maximum value of a is 1, as we see from Eq. 
(4.7), and the maximum value of b is 1, as we conclude 
by applying the maximum principle20 to the problem for 
b. Therefore, the maximum value of c is given by Eq. 
(4.8) with a = 1 and b = 1. We require that this value be 
greater than c* in order for precipitation to be possi-
ble: 

(5.1) 

I 

7 
X 

FIG. 1. The (X, t) plane, showing the first three precipitation 
bands shaded. The boundary of the first precipitation band 
x =R(t) has been computed for the parameter values k = 10, 
1'= 2, f3 = 1, c* = 0.2, cS '" O. 05, as described in Sec. VI. The 
second and third zones begin at (xz, tz) =(5. 53, 4.02) and (x3' t3) 
= (6.64, 5.79), respectively. These points have been com-
puted from the asymptotic solution Eq. (7. 6) with XI = R * = 4. 61, 
tj = (R*)z/4pz =2. 79, /l=1. 20, and p=1. 38. The values of p and 
/l are the solutions of Eqs. (7. 7) and (7. 8) with the same parame-
ter values as above. The boundaries of these two bands are 
schematic, and were not computed. 

At x = 0 and i = 0 +, the initial and boundary conditions 
show that a = 1 and b = 1, so c is given there by the left 
side of Eq. (5.1). Thus, precipitation begins at x=O 
at t = 0 +, and by continuity it must continue at x = 0 for 
some time. It must also occur at neighboring points. 

Let us denote the outer boundary of this first precipi-
tation zone by x =R(i) with R(O) = 0 (see Fig. 1). Then, 
precipitation occurs in the interval O:s x:S R (t). As long 
as R(t) is increaSing, the boundary is characterized by 
the condition that c(x, t) =c* at x=R(t). By Eq. (4.8), 
we can write this as 

(5.2) 

Thus, p(c,d) =c - CS within this zone as long as c> cS, 
andp(c,d)=Oforx?R(i), as long as c<c*. When 
c = c* at some point x2' t2 with X2> R(t2), a second pre-
cipitation zone will begin to grow, as we shall see. 

Within the first zone, Eq. (4.9) holds with the brack-
eted term being positive. Outside this zone and until the 
next zone starts, Eq. (4.10) holds. Thus, we must 
solve Eqs. (4.9) and (4.10) with band b. continuous at 
R(t). These conditions and Eq. (5.2) determine R(i). 

We shall first solve this problem for i small by as-
suming that R(i) and b(x, t) can be expressed in the 
forms 

R(t) - 2)'i11 2 _ 25 t31 2 + .. • (5.3) - 3 

b(x, t) = 1 - if(z) + ••• (5.4) 

Here, y and 0 are constants, and the new variable z is 
defined by 
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Suitable initial conditions are

a = 0, b = 1, c = d = 0 at t = 0, (3.12)

and suitable boundary conditions are

a = 1, bx = cx = 0 at x = 0,

a→ 0, b→ 1, c→ 0 as x→∞. (3.13)

We define the total dichromate

B = b + νc, (3.14)

whence we obtain

Bt = δBxx − p,

dt = p, (3.15)

and also

c = AB, A =
λa2

1 + λνa2
,

p =

�
[AB − α]+ if AB ≥ 1 or d > 0,

0 if AB < 1 and d = 0.
(3.16)

Keller and Rubinow assume that the reaction term r can be neglected in the equation
for a because b0 � a0 (the dichromate is very dilute), and it is easy to show this by
combining (3.5)1,2; thus

a = erfc

�
x

2
√

t

�
. (3.17)

The monotonically decreasing function A is thus given by

A(θ) =
λ erfc2θ

1 + λν erfc2θ
, θ =

x

2
√

t
. (3.18)

The initial and boundary conditions are

B = 1, d = 0 at t = 0;

Bx = 0 at x = 0,

B → 1 as x→∞. (3.19)
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The right hand side is a unimodal (one-humped) function of Θ, while u tanh u is an
increasing function of u. Therefore u(Θ) is a positive unimodal function in the range
0 < Θ < Θ1, where A(Θ1) = 1. Consulting (3.24), we see that initially A = 1 and
thereafter increases with t. Therefore, initially Θ = Θ1 and decreases with increasing
t. Since A is increasing as is s, u must increase, but it cannot do so indefinitely,
because of the maximum value of u(Θ). In consequence, there is a finite time t∗ when
s reaches a maximum s∗, and the solution cannot be continued in this form beyond
this time. We then enter a phase where ṡ = 0, and (3.21) applies.

Keller and Rubinow go on to suggest that a sequence of precipitation bands will
subsequently form, and they analyse these based on the same approximating solu-
tions. The initial motivation of our work was to establish the asymptotic basis for
their approximation, and then use this to develop the solution explicitly. However,
despite a considerable amount of effort, we have not been able to find any asymptotic
limit in which the Keller–Rubinow solution holds. Below, we provide an asymptotic
description based on the limit δ � 1, which bears little resemblance to the Keller–
Rubinow theory. The solution has been tested successfully against numerical results,
as described in section 5.

3.2 An asymptotic approximation

We consider the equation (3.15) with δ � 1.1 Specifically, we have

Bt = δBxx − [AB − α]+, x < s,

Bt = δBxx, x > s,

Bx = 0 at x = 0, B → 1 as x→∞,

B =
1

A
, [Bx]

+
− = 0 at x = s. (3.28)

At leading order in δ, the solution is (with an obvious notation for θ� and θ�� and
assuming AB > α in x < s)

B = 1, x > s,

B = exp

�
−

� t

ts

A(θ�) dt�
�

+ α

� t

ts

exp

�
−

� t

t�
A(θ��) dt��

�
dt�, x < s, (3.29)

where ts(x) is the time when the front passes x (since the boundary condition for the
equation Bt = −(AB − α) in x < s is B = 1 at t = ts). The conditions on Bx at
x = 0 and x = s are not satisfied, but are enabled by weak boundary layers there.

1It is also possible to analyse the case δ � 1, but this is omitted here, for two reasons: firstly,
it is not likely to be physically appropriate, and secondly, it is then generally found that secondary
bands do not form.
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Figure 3: Numerical and asymptotic evolution of the first precipitation front, s(t),
for different values of δ. The numerical curve is generated from the solution to (3.15)
with parameters α = 0.25, ν = 0.1, and λ = 5. The asymptotic curve is given by
s(t) = 2Θ

√
t where Θ is given by (3.30). tn and ta are the numerical and asymptotic

times where the first precipitation front terminates.

Similarly, in η > 0, we write

B = 1− (1− α)τh(η), h = 4g0i
2erfc η, (4.9)

which satisfies continuity of B at X = 0; g0 is then determined by the condition of
continuity of BX , and this yields g0 = 1

2 . Combining this with the expansion for A,
we find that in X > 0,

c = AB ≈ 1 + τ
�
µ− 2(1− α)i2erfc η

�
+ . . . . (4.10)

Expanding the repeated error function integral for small η shows that

c ≈ 1−
�

1
2(1− α)− µ

�
τ +

(1− α)
√

τX√
π

+ . . . , (4.11)

and thus the value of c at sc is less than one if µ < 1
2(1 − α), but always cX > 0

in X > 0, so that secondary nucleation occurs immediately ahead of the stationary
front.

In practice this situation is untenable, and in numerical computations a series of
grid point scale spikes occurs, indicating a failure of the model to proceed past the
cessation of the first band. We now describe these results.
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Figure 4: Numerical (solid) and asymptotic (dashed) comparison of B(x, t) for two

values of δ at t = 0.3 far from when the first front terminates. The numerical solution

is generated by solving (3.15) with parameters α = 0.25, ν = 0.1, and λ = 5. The

asymptotic solution in the outer figure is given by (3.2) while the inset includes the

weak boundary layer near x = s(t) (described in the footnote before the beginning of

section 4). The boundary layer solution at x = 0 has been omitted.

5 Numerical results

Since we have shown that, under the assumption ε � 1, (3.1) reduces to (3.15), we

will focus our numerical simulations on the latter system. We simulate (3.15) using a

method of lines approach with the stiff ODE solver ode15s in MATLAB. We compute

a partial Jacobian matrix where we neglect the non-smooth p component and provide

this to the solver. We use the numerical results in two ways; firstly, we provide

numerical evidence to compare with the asymptotic results obtained concerning the

first front; then, we provide numerical results for secondary spike formation.

5.1 The first front

Figure 3 shows a comparison of the asymptotic prediction for the front position with

the numerical solution at two values of δ. For δ = 0.1 the solution is qualitatively

accurate, but for δ = 0.01 it is much more accurate, indicating a consistent asymptotic

approach as δ → 0.

For the same two parameter values, figure 4 shows a comparison of the profile of

B, and again the agreement is excellent at the lower δ value. In the inset we include

the weak boundary layer at the front referred to in the footnote just before section 4,

but we have not included that at x = 0, which is of less interest.
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Figure 7: Precipitate d in the numerical solution to (3.15) for two step sizes on a grid
[0, 10] for t = 60. Refining the step size increases the number of spikes produced and
their locations.
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[0, 10] and time t = 4. If a band had more than one grid point the spike location was
computed at the maximal value of d in the band. Plotted for comparison is the line
y = x.
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Figure 9: Precipitate numerical solution to (3.15) for a series of step sizes on a grid
[0, 10] for t = 60 using the smooth precipitate term (5.3) with smoothing parameter
σ = 0.5. The numerical solutions appear to converge as the step size is reduced.

This expression for p can be approximated using a hyperbolic tangent function as

p ≈ [AB − α]+ tanh

�
[AB − 1]+ + d

σ

�
, (5.3)

where σ is the smoothing parameter. Note that the standard approximation to the

Heaviside function is H(x) ≈ 1
2

�
tanh

�
x

σ

�
+ 1

�
, but this takes the value H(0) = 1

2 ,

whereas we want to strictly enforce H(0) ≈ 0, as this is an important nucleation
threshold. The consequence of the smoothing we have chosen is that our approxima-
tion for H(x) ≈ −1 as x → −∞; however, because the argument is never negative,
we do not need to worry about this negative branch. Figure 9 shows the results of
computing d on [0, 10] to t = 60 for a variety of step sizes and with the smoothing
parameter σ = 0.5. We note that unlike the grid scale spikes that emerge in the
Heaviside model, the location of the secondary bands remains fixed as the step size is
reduced and the values of d converge. Unlike the Heaviside model, all of the secondary
bands are multiple grid points in size.

6 Conclusions

We set out to establish an asymptotic basis for the approximations used by Keller
and Rubinow (1981) in their analysis of Ostwald’s supersaturation theory for the
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that following the growth and termination of the first band, a series of unresolved
spikes of precipitation occur, as shown in figure 2. Duley et al. (2017) show that
these spikes indicate an ill-posedness in the model, and that they occur because of
the discontinuity in the precipitation rate p in (1.12). They also suggest that the well-
posedness can be restored by proposing an evolution equation for a suitable switching
variable, which can enable the transition between the discontinuous states. It is the
purpose of the present paper to validate this assertion.

2 The enhanced Keller–Rubinow model

2.1 The switching equation

We now wish to examine the discontinuity in the Keller–Rubinow growth rate in more
detail. The transition occurs when a pristine impurity surface first becomes covered
by precipitate. Of course, this does not actually happen instantly. Let f be the
fractional area coverage of an impurity surface with precipitate. It seems reasonable
then to generalise the growth rate in (1.3) as

2.1 p = fq[c− cs]+, (2.1)

where evidently we should have f = 0 if d = 0, but f → 1 rapidly if c > cn. We
wish to pose a heuristic model which mimics this behaviour, somewhat similarly to
the threshold model for river channel formation used by Willgoose et al. (1991) (cf.
Fowler 1997, p. 270). Because the Keller–Rubinow model does not allow dissolution,
it is relatively simple to do this. A simple idea is to take

2.2 tnft = G(f, c) ≡ 2(f − f1)(f − f2)(f3 − f), (2.2)

where, for example,

2.3 f1 = −
�
c− cn
cn − cs

�2

+

, f2 =
cn − c

cn − cs
, f3 = 1 +

�
cs − c

cn − cs

�2

+

, (2.3)

which forces f to relax to 0 if c < cs, to relax to 1 if c > cn, and to remain at 0 or 1
if cs < c < cn, depending on prior history (i. e., it remains at 1 if previously c > cn,
thus d > 0, and it remains at f = 0 if d = 0). Here tn is the relaxation time of f
(the factor 2 on the right hand side of (2.2) is inserted for later convenience), and is
supposed small compared to the longer (diffusive) time scales discussed below. The
adoption of (2.1) together with (2.2) gives a continuous description of precipitation
which reduces to the discontinuous Keller–Rubinow model when tn → 0.

We modify (2.2) by adding a diffusion term. How does f diffuse? It is not that we
suppose that the impurities themselves do so, but that if we imagine two impurities
close together with different levels of precipitate coverage, then, other things being
equal, f will increase more rapidly on the less covered particle, simply as it has more
exposed area. This is essentially the same process as Ostwald ripening, and can be
represented as a diffusive flux of f down gradients of f , i. e., a diffusion process.
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Figure 3: fig3 The roots of the cubic G(f, c) as given in (2.3) or (2.7).

things being equal, f will increase more rapidly on the less covered particle, simply

as it has more exposed area. This is essentially the same process as Ostwald ripening,

and can be represented as a diffusive flux of f down gradients of f , i. e., a diffusion

process.

In this case, a suitable modification of (2.2) is

2.4 tnft = G(f, c) + tnDIfxx, (2.4)

and if we non-dimensionalise this as in (1.6), we obtain

2.5 κft = G(f, c) + κβfxx, (2.5)

where

2.6 κ =
qcntn

b0
, β =

DI

DA
, (2.6)

with, from (2.3),

G(f, c) = 2(f − f1)(f − f2)(f3 − f),

2.7 f1 = −
�

c− 1

1− α

�2

+

, f2 =
1− c

1− α
, f3 = 1 +

�
α− c

1− α

�2

+

. (2.7)

The dimensionless crystal growth rate is now

2.7.1 p = f [c− α]+, c = AB, (2.8)

and is no longer discontinuous. The modified Keller–Rubinow model now takes the

form of equations (1.11) and (2.5), with G given by (2.7), p given by (2.8), A given

by (1.13), and the initial and boundary conditions are given by (1.14).
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Figure 2: fig2 Precipitate d in the numerical solution to (1.11)–(1.14) for two step

sizes on a grid [0, 10] for t = 60. The parameter values used are δ = 0.05, α = 0.25,

λ = 5, ν = 0.1. Refining the step size increases the number of spikes produced and

their locations.

where

1.12 p =

�
[AB − α]+ if AB ≥ 1 or d > 0,

0 if AB < 1 and d = 0,
(1.12)

and A is given by

1.13 A(θ) =
λ erfc

2θ

1 + λν erfc2θ
, θ =

x

2
√

t
. (1.13)

The initial and boundary conditions are

1.14 B = 1, d = 0 at t = 0;

Bx = 0 at x = 0,

B → 1 as x→∞. (1.14)

This is the system we will analyse.

1.1 Numerical results

Numerical computations of supersaturation-type models have been presented by a

number of authors (e. g., Büki et al. 1995, Fia�lkowski et al. 2005, Hilhorst et al. 2009,

Lagzi 2003), but little comment has been offered on the validity of the numerical

results. This, of course, depends on the precise form of model which is used to

describe the reaction kinetics, but at least in the Keller–Rubinow model, it is found
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Figure 4: fig4 The effect of the switching function on secondary band formation
in the absence of impurity diffusion. Parameter values are λ = 5, ν = 0.1, α = 0.25,
δ = 0.05, β = 0.

Figure 5: fig5 The effect of impurity diffusion on the secondary band width.
Values as for figure ??, but with κ = 0.001 fixed.
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Bull. Soc. Chim. Fr. (4) 33, 1,592–1,597.

10

Saturday, 4 March 17



Figure 4: fig4 The effect of the switching function on secondary band formation
in the absence of impurity diffusion. Parameter values are λ = 5, ν = 0.1, α = 0.25,
δ = 0.05, β = 0.

Figure 5: fig5 The effect of impurity diffusion on the secondary band width.
Values as for figure ??, but with κ = 0.001 fixed.

3 Numerical results

4 Conclusions

Acknowledgements

We acknowledge the support of the Mathematics Applications Consortium for Science
and Industry (www.macsi.ul.ie) funded by the Science Foundation Ireland mathe-
matics grant 12/IA/1683.

References
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