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An axisymmetric flow due to a submerged sink in water of infinite depth is considered,
with a stagnation point on the free surface above the sink. Forbes & Hocking (1990)
calculated numerically a flow for each value of the Froude number F smaller than a
critical value Fc. For F close to Fc there is a ring-shaped bump on the free surface.
At F = Fc, the crest of the bump becomes a ring of stagnation points. We use the
numerical procedure of Hocking & Forbes to show that the bump is the first crest
of a train of axisymmetric waves. The wave amplitude decreases with increasing
distance from the source. Then we give a local analysis of axisymmetric free-surface
flows with a circular ring of stagnation points. We find flows in which the surface
has a discontinuity in slope with an enclosed angle of 120� all along the ring. This
behaviour is consistent with the numerical solution for F = Fc near the crest of the
bump.

1. Introduction
Injection or withdrawal of water from a reservoir is often modelled by a source or

sink below a free surface. Over the years various configurations have been considered.
Some authors assume that above the source there is a stagnation point (Peregrine
1972; Mekias & Vanden-Broeck 1991; Hocking & Forbes 1992; Vanden-Broeck
1996) and others that there is a cusp (Tuck & Vanden-Broeck 1984; Hocking 1985,
1991; Vanden-Broeck & Keller 1987; Vanden-Broeck 1997; Hocking & Vanden-
Broeck 1997). The solutions are usually obtained numerically, although there is
an exact solution due to Sautreaux (1901) and Craya (1949) and there are some
free streamline solutions when gravity is neglected (Collings 1986; Vanden-Broeck &
Keller 1987; Hocking 1988). In the far field, the free surface is either flat or contains
a train of waves. All these calculations are two-dimensional.

There is an interesting axisymmetric extension due to Forbes & Hocking 1990.
It is a flow in fluid of infinite depth with a stagnation point above the sink (see
figure 1). Hocking & Forbes used Green’s theorem to formulate the problem as an
integral equation. They discretized it and solved the resulting algebraic equations by
Newton’s method. Their results show that there is a solution for each value of the
Froude number

F2 =
m2

gH5
(1.1)
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Singularities on Free Surfaces of Fluid Flows

By P. Milewski, J.-M. Vanden-Broeck, and Joseph B. Keller

Isolated singularities on free surfaces of two-dimensional and axially sym-
metric three-dimensional steady potential flows with gravity are considered.
A systematic study is presented, where known solutions are recovered and
new ones found. In two dimensions, the singularities found include those
described by the Stokes solution with a 1208 angle, Craya’s flow with a cusp
on the free surface, Gurevich’s flow with a free surface meeting a rigid plane
at 1208 angle, and Dagan and Tulin’s flow with a horizontal free surface
meeting a rigid wall at an angle less than 1208. In three dimensions, the
singularities found include those in Garabedian’s axially symmetric flow
about a conical surface with an approximately 1308 angle, flows with axially
symmetric cusps, and flows with a horizontal free surface and conical stream
surfaces. The Stokes, Gurevich, and Garabedian flows are exact solutions.
These are used to generate local solutions, including perturbations of the
Stokes solution by Grant and Longuet-Higgins and Fox, perturbations of
Gurevich’s flow by Vanden-Broeck and Tuck, asymmetric perturbations of
Stokes flow and nonaxisymmetric perturbations of Garabedian’s flow. A
generalization of the Stokes solution to three fluids meeting at a point is
also found.

Address for correspondence: Professor P. Milewski, Department of Mathematics, University of
Wisconsin, Madison, WI 53706.
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Rising bubbles in a two-dimensional tube with

surface tension, Phys. Fluids, 27 (1984), pp.

2604-2607.

Alex Doak and VdB (2017)

SINGULARITIES....

two-dimensional flows

axisymmetric flows

three-dimensional flows
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TWO-DIMENSIONAL FLOWS
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fluid is inviscid and incompressible

flow is irrotational

steady
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FORMULATION

u = φx = ψy and v = φy = −ψx

φxx + φyy = 0

φy = φxζx on y = ζ(x)

1

2
(φ2
x+φ2

y)+gy−T
ρ

ζxx

(1 + ζ2
x)1/3

= B on y = ζ(x)

φn = 0 on rigid boundaries

f = φ+ iψ: analytic functions of z = x+ iy

u− iv: analytic function of z and of f = φ+ iψ
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6.5 Numerical results for periodic waves 171

0

0.2

0.4

0.6

0.8

0 0.2 0.4 0.6

Fig. 6.23. Typical free surface profiles for !0 = 0.4, 0.6 and 0.99 (respectively the
bottom, middle and top lines).

where the variable " and the parameter # are between 0 and 1. They then

used equally spaced points in " and concentrated mesh points near the crest

by choosing # very close to 1 (for example # = 0.99 or even # = 0.999). The

advantage of (6.61) over (6.60) is that variables that are periodic in $, with

period c%, are still periodic in ", with period 1.

The series truncation method of Section 6.2 also gives accurate results for

waves of small and moderate amplitude. For the limiting configuration, the

flow near the crest at f = 0 is a flow inside a 120! angle, and (3.19) implies

that

w ! f1/3 as f " 0. (6.62)

Since the crests are mapped to t = 1 under the transformation (6.4), (6.62)

implies that

w ! (1 # t)1/3 as t " 1. (6.63)

Because of the singularity of (6.63) at t = 1, we cannot expect the expansions

(6.16) or (6.17) to converge when !0 = 1 (i.e. for the limiting configuration).

Also, we can expect these expansions to converge more and more slowly as

!0 " 1.

Michell [112], Olfe and Rottman [118], Vanden-Broeck [172] and Vanden-

Broeck and Miloh [188] calculated the wave of maximum steepness by writing

w = (1 # t)1/3

!
1 +

""

n=1

dne#2in&f

#
, (6.64)

Stokes (1847), Michell (1883), Amick, Fraenkel

and Toland (1982)

Olfe and Rottman (1980)

Vdb (2012)
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76 Free surface flows that intersect walls

If µ = π, the free surface LG leaves the wall HG tangentially and the

velocity at G is finite and different from zero. If µ < π, the flow is locally

a flow inside a corner and the velocity at G is zero (i.e. G is a stagnation

point). If µ > π, the flow is locally a flow around a corner and the velocity

at G is infinite (see Figure 3.6 and (3.19)). Therefore values of µ > π are

not possible, since (3.160) requires the velocity at G to be finite.

x

y

G

L

H

µ

µ2

g

Fig. 3.38. Local-gravity free surface flow near the intersection of a wall HG with a
free surface GL.

We shall now determine the allowed values of µ when µ < π. We define

a potential function φ and a streamfunction ψ and choose φ = ψ = 0 at the

point G. The complex potential plane is shown in Figure 3.39.

H G
φ

L

ψ

Fig. 3.39. The flow of Figure 3.38 in the complex potential plane. The flow domain
is ψ < 0.

Using (3.17) we express the local solution in the form

z = Afµ/π . (3.162)

We write the complex constant A as

A = aeiα, (3.163)

µ =
2π

3
, µ =

π

2
, µ = π
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3.3 The effects of gravity 89

 0

 1

 1  2  3  4  5

Fig. 3.45. A free surface profile EF of Figure 3.40 for γ2 = π/6. The ordinate of
the separation point is zero. The dimensionless velocity qE at the separation point
is 0.5. The free surface leaves the wall tangentially.
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Fig. 3.46. The free surface flow from a nozzle.

dynamic boundary condition (3.160) becomes, in dimensionless variables,

u2 + v2 − 1

F 2
x = B, (3.232)

where F is the Froude number defined by

F =
U

(2gH)1/2
. (3.233)

90 Free surface flows that intersect walls

We note that F is related to H̄ in (3.225) by

F =

!
H̄3

2

"1/2

. (3.234)

The factor 21/2 in (3.233) was introduced for consistency with previous cal-

culations. Similarly (3.224) becomes

2uuσ + 2vvσ +
1

πF 2
cotan

σ

2

u

u2 + v2
= 0. (3.235)

The flow of Figure 3.46 has interesting applications. First, it clearly mod-

els a jet emerging from a nozzle. Second, it models a bubble rising in a tube

when viewed in a frame of reference moving with the bubble (see Figure

3.47). This follows from the symmetry of the flow: the portion EF of

the bubble surface in Figure 3.47 is identical, for the same value of the

Froude number F , to the portion EF of the jet surface in Figure 3.46.

A C

B F

x

yE

Fig. 3.47. A ‘bubble’ rising in a tube, viewed in a frame of reference moving with
the bubble. Physical bubbles are characterised by a continuous slope at the apex.

Returning to our calculation, we represent the complex velocity w by the

expansion

w =
[− lnC(1 − t)]1/3

(− lnC)1/3
(1 + t)2−2µ/πḠ(t). (3.236)

We shall now do new calculations, representing Ḡ(t) by (3.220) instead of

(3.219). Therefore we write

Ḡ(t) = exp

# ∞$

n=1

antn

%
, (3.237)

where we have set a0 = 0 so that w = 1 at t = 0.
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F =
U

(gH)1/2

µ = π, µ =
2π

3
and µ =

π

2

Fc ≈ 0.36

µ = π for F > Fc

µ =
π

2
for F < Fc

µ =
2π

3
for F = Fc
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3.3 The effects of gravity 91

As for the previous solutions with γ1 = γ2 ̸= 0, there are solutions with

µ = π, µ = 2π/3 and µ = π/2 + γ2 = π/2. The solution for µ = 2π/3 cor-

responds to a critical value Fc ≈ 0.3578 of the Froude number F . Solutions

with µ = π occur for F > Fc, and those with µ = π/2 + γ2 = π/2 occur for

F < Fc. Therefore we have

µ = π when F > Fc, (3.238)

µ =
2π

3
when F = Fc, (3.239)

µ =
π

2
when F < Fc. (3.240)

As expected these solutions are the limit of those of Figure 3.40 as γ2 → 0.

In particular, the three values (3.229)–(3.231) reduce to (3.238)–(3.240) as

γ2 → 0, with

Hc = (2F 2
c )1/3. (3.241)

For the solutions with µ = π and µ = π/2, we truncate the series (3.237)

after N terms and satisfy (3.235) at the N collocation points (3.228). For

a given value of F , this gives a system of N algebraic equations with N

unknowns. This system is solved by Newton’s method. For µ = 2π/3, F is

one unknown. Therefore we truncate the series (3.237) after N − 1 terms

and satisfy (3.235) at the N collocation points (3.228). This leads again to

a system of N algebraic equations with N unknowns.

 0

 0  0.2  0.4

Fig. 3.48. Rising bubble in a tube for F = 0.1.

The solutions we have computed model the flow emerging from a nozzle

(see Figure 3.46) or a bubble rising in a tube (see Figures 3.47–3.52). On

physical grounds we expect a bubble to be characterised by a continuous

92 Free surface flows that intersect walls

0

 0  0.2  0.4

Fig. 3.49. Rising bubble in a tube for F = 0.3.

 0

 0  0.2  0.4

Fig. 3.50. Rising bubble in a tube for F = Fc . There is a 120◦ angle at the apex
of the bubble.

slope at its apex. This implies that µ = π. Therefore all the solutions for

0 < F < Fc should model a rising bubble. However, experiments (see [32]

and [107]) showed that bubbles are only observed for a unique value,

Fe ≈ 0.25, (3.242)

of the Froude number. Clearly the value Fe is in the interval 0 < F < Fc

for which we have computed bubbles but the question is to find what is

special about the value Fe. This is an example of a ‘selection problem’. We

have already encountered such a problem in Section 3.2.2. There we found

that cavitating flow past a circular cylinder could be calculated for all values

γ∗ < γ̄ < γ∗∗ when surface tension was neglected. We then showed that a

unique solution, for γ̄ ≈ 55◦, could be selected by solving the problem with

T ̸= 0 and then taking the limit as T → 0. We shall show in Section 3.4

3.3 The effects of gravity 93

 0

 0  0.2  0.4

Fig. 3.51. Rising bubble in a tube for F = 0.4. A cusp has appeared at the apex.

 0

 0  0.2  0.4

Fig. 3.52. Rising bubble in a tube for F = 1. There is a cusp at the apex of the
free surface profile.

that a unique bubble can again be selected by introducing surface tension

and then taking the limit as T → 0.

We conclude this section by mentioning that our findings with T = 0 are

consistent with analytical results derived by Garabedian [62]. Garabedian

[62] proved that there are mathematical solutions describing ‘bubbles’ with

a continous slope at the apex for all values of F smaller than a critical value

Fc. He then used an energy argument to suggest that the only physically

significant solution is the one for which F = Fc. In addition he showed that

Fc > 0.2363. However, our computations using series truncation showed that

Fc ≈ 0.36. This value is about 40 percent higher than the experimental value

(3.242). Furthermore the solution corresponding to F = Fc does not have

13



ν = 2
π − µ

π

100 Free surface flows that intersect walls

the complex velocity w as

w =
[− lnCp(1 − t)]1/3

(− lnCp)1/3
(1 + t)2−2µ/πG(t), (3.254)

where

G(t) = e
!∞

n =1 an tn . (3.255)
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0 0.2 0.4 0.6 0.8 1.0 1.2

Fig. 3.60. Values of ν versus F for the flow configuration of Figure 3.47 when
α = ∞, i.e. T = 0.
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0 0.2 0.4 0.6 0.8 1.0 1.2

Fig. 3.61. Values of ν versus F for the flow configuration of Figure 3.47 when
α = 10.

Next we differentiate (3.252) with respect to φ and use (3.10) and the

chain rule to obtain

2uuσ + 2vvσ +
1

πF 2
cotan

σ

2

u

u2 + v2
+

4π

α

∂

∂σ

"
tan

σ

2

uvσ − vuσ

(u2 + v2)1/2

#
= 0.

(3.256)
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3.4 The combined effects of gravity and surface tension 101

0.8

0.9

1.0

1.1

0.10 0.15 0.20 0.25 0.30

Fig. 3.62. Enlargement of part of Figure 3.61 showing clearly oscillations around
1.0.

0.0

0 0.2 0.4

Fig. 3.63. The selected bubble for T = 0. The value of the Froude number is
F = F ∗ ≈ 0.23.

We truncate the infinite series in (3.255) after N−1 terms and satisfy (3.256)

at the mesh points

σI =
1

2N

!
I − 1

2

"
, I = 1, . . . , N. (3.257)

This is achieved by substituting (3.254) and its derivative with respect to

σ into (3.256). It leads to N nonlinear equations for the N unknowns

a1, . . . , aN−1 and µ. This system is solved by Newton’s method for given

values of F and α.

We start the presentation of the numerical results by recalling the findings

of Section 3.3.2 when T = 0 (i.e. α = ∞). They are shown graphically in

F experimental 0.25

F numerical 0.23
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Fingers in a Hele Shaw cell

Vdb, 1983, Fingers in a Hele-Shaw cell with

surface tension. Phys. Fluids 26, 2033 –2034.
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AXISYMMETRIC FLOWS
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Alex Doak...
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Recall the two-dimensional case ....
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76 Free surface flows that intersect walls

If µ = π, the free surface LG leaves the wall HG tangentially and the

velocity at G is finite and different from zero. If µ < π, the flow is locally

a flow inside a corner and the velocity at G is zero (i.e. G is a stagnation

point). If µ > π, the flow is locally a flow around a corner and the velocity

at G is infinite (see Figure 3.6 and (3.19)). Therefore values of µ > π are

not possible, since (3.160) requires the velocity at G to be finite.

x

y

G

L

H

µ

µ2

g

Fig. 3.38. Local-gravity free surface flow near the intersection of a wall HG with a
free surface GL.

We shall now determine the allowed values of µ when µ < π. We define

a potential function φ and a streamfunction ψ and choose φ = ψ = 0 at the

point G. The complex potential plane is shown in Figure 3.39.

H G
φ

L

ψ

Fig. 3.39. The flow of Figure 3.38 in the complex potential plane. The flow domain
is ψ < 0.

Using (3.17) we express the local solution in the form

z = Afµ/π . (3.162)

We write the complex constant A as

A = aeiα, (3.163)

µ = 1200, µ = 900, µ = 1800

Now take µ2 = π
2 and rotate.....then

µ = 1150, µ = 900, µ = 1800
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P. Milewski et al.254

w xFigure 2. Sketch of the axisymmetric three-dimensional exact solution of Garabedian 13 .

� . � . � .Substituting 4.4 and 4.5 into the pressure condition 2.4 and the
� .kinematic condition 4.3 yields the two equations

1 X 22 2 ay2 2 2 2a r a P q P sin u� .a a2
X 2 X X Y2 2 aqgy2 2 3

q ha r P sin u cos u y a P P sin u y P P sin ua a a a a

1X X X 2aqby2 2 2 2 by2 2 2
q abr abP P q P P sin u q b r b P q P sin u✏ / ✏ /a b a b b b2

q gr cos u y ghrgq1 sin u y C s o r 2 by2
q o rgq1

q o r 2 aqgy2 ,� . � . � .
4.6� .

ar ay2PX sin u q har aqgy2 PX cos u y PY sin2 u q ag P� .a a a a

q br by2PX sin u s o r aqgy2
q o r by2 . 4.7� . � . � .b

� . � .Equations 4.6 and 4.7 are evaluated at u su .0
As in the two-dimensional case, there are several possible balances that

� .lead to different flows. Vanishing of the leading-order term in 4.7 , which is
� ay2 .O r , requires either

PX cos u s 0, 4.8� . � .a 0

22



r

x

H = 1

Figure 1: Formulation of the problem in the (x, r)-space.

in the direction of gravity, and r 2 [0, L] to be the radial distance from the
central streamline r = 0. We take the origin to be at the apex of the bubble,
and to travel with the bubble such that the problem is steady. In this frame of
reference, the background flow at x ! �1 is a uniform stream in the positive
x direction with velocity U . We take L as the reference length and U as the
reference velocity. The formulation in the (x, r)-plane is shown in Figure 1.

There exists a velocity potential � and stokes streamfunction  given by

u = �x =
 r

r
v = �r = � x

r
, (3)

where u and v are the velocities in the x and r directions respectively, and
subscripts denote partial di↵erentiation. Without loss of generality, we take
� = 0 at the apex and  = 0 on the free-surface. Integration of (3) at x ! �1
gives

 ! r2

2
as x ! �1. (4)

Therefore, the wall is given by  = 1/2. Unlike the two-dimensional streamfunc-
tion, the Stokes streamfunction does not satisfy the Laplace equation. Hence,
the powerful tools of complex analysis used to solve the two-dimensional ana-
logue of this problem are unavailable.

On the free-surface, as well as  = 0, we also must satisfy the Bernouilli
equation. This is given by

3
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R.M. Davies and G.I. Taylor (1950)

Previous work: H. Levine and Y. Yang (1989)

L.C. Woods (1951, 1953)
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Figure 3: Various profiles of axisymmetric long bubbles for the zero surface
tension case with Froude numbers (i) F = 0.65, (ii) F = 0.5, (iii) F = 0.35 and
(iv) F = 0.2.

Fi(↵), the method converged on unrealistic solutions, characterized by irratic
curvature vaules. This could be avoided by suitably placing an interpolation
formula on K. Alternatively, we occasionally fixed both ↵ and F , and manually
moved through the solution space. This method was particularily useful when
trying to obtain the first solution on a solution brach Fi. Once on the solution
branch, the code with varying F was used to compute solutions close to the
one already obtained on the branch. The first three solutions branches for the
plane and axisymmetric bubbles are shown in figures 6 and 7. As can be seen,
all solution braches begin to approach F ⇤.

to JM: Maybe I will mention here the di�culty in using the ”F varying”
code close to the F axis. I will work on these figures now and see if we can
make them more convincing, to avoid requiring to discuss this

As discussed in section 1 of this paper, it is known that for plane bubbles
there exists solutions in between the braches Fi in the solution space (F,↵)
which are characterized by a variable angle µ 6= ⇡ at the apex such that the
bubble is not smooth. In a sense, the inclusion of surface tension smooths out

9
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Figure 6: The first three µ = ⇡/2 solution branches F1, F2 and F3 for the 2D
problem. In the limit ↵! 1, the solution branches approach F ⇤ ⇡ 0.318
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Figure 7: The first three solution branches F1, F2 and F3 for the 3D problem.
In the limit ↵! 1, the solution branches approach F ⇤ ⇡ 0.49

12

26



-0.6 -0.4 -0.2 0 0.2 0.4

-0.03

-0.02

-0.01

0

0.01

-0.6 -0.4 -0.2 0 0.2 0.4

-0.03

-0.02

-0.01

0

0.01

-0.6 -0.4 -0.2 0 0.2 0.4

-0.03

-0.02

-0.01

0

0.01

-0.6 -0.4 -0.2 0 0.2 0.4

-0.03

-0.02

-0.01

0

0.01

(i)

(iii)

(ii)

(iv)

Figure 8: Solutions to the 2D problem with µ = ⇡/2 from the first four branches.
Every solution is given by ↵ = 5, and the values of F are (i) F1(5) = 0.316, (ii)
F2(5) = 0.202, (iii) F3(5) = 0.151 and (iv) F4(5) = 0.122.

success of the scheme. We have been able to compute axisymmetric bubbles with
small values of surface tension on higher order branches, which to the authors
knowledge had not yet been computed. We have also demonstrated the success
of Woods function splitting method for use on non-linear governing equations,
with a suitable adaptation of the method.
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Axisymmetric free surface with a 120 degree angle along a circle 407

z
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Figure 3. Sketch of the axisymmetric free-surface flow near a stagnation point.

they are too small to be seen on the figures. Instead, as r increases, the free-surface
elevation just decreases to a minimum and then appears to rise monotonically to the
stagnation level as r ! 1 (see figure 2(a)). As F increases, the amplitude of the
waves increases. At F = Fc ⇡ 5.4, the first crest reaches the stagnation level, and
no solutions were found for F > Fc. (Forbes & Hocking calculated Fc ⇡ 6.4.) The
first crest becomes sharper as F approaches Fc, suggesting that the slope becomes
discontinuous at F = Fc. In the next section, we show analytically that there is
indeed a local axisymmetric solution with a discontinuity in slope on the free surface.
Figure 4 shows that this local solution is consistent with the numerical solution for
F = Fc.

3. Axisymmetric solution near a ring of stagnation points on a free surface
Now we study the flow in the neighbourhood of a ring of stagnation points on a

free surface (see figure 3). We assume that the flow is axisymmetric and we choose
cylindrical coordinates r, z such that the ring of stagnation points is at r = R and
z = 0. As in §2, we introduce the potential function � and denote the equation of the
free surface by z = ⇣(r). The problem is then to solve

�rr +
1

r
�r + �zz = 0 (3.1)

with the boundary conditions

�z = �r⇣r on z = ⇣(r), (3.2)

1
2 (�

2
r + �2

z) + F�2z = 0 on z = ⇣(r). (3.3)

We seek a solution near the line of stagnation points r = R, z = 0 by writing

r = R + ✏r̂, z = ✏ẑ, (3.4)

⇣(r) = ✏⇣̂(r̂) + o(✏), (3.5)

�(r, z) = ✏3/2�̂(r̂, ẑ) + o(✏3/2), (3.6)

where ✏ is a small positive parameter.
Substituting (3.3)–(3.6) into (3.1)–(3.3) and retaining only the leading-order terms,

i.e. the terms of order ✏1/2 in (3.1) and (3.2), and terms of order ✏ in (3.3), yields

�̂r̂r̂ + �̂ẑẑ = 0, (3.7)

�̂ẑ = �̂r̂⇣̂ r̂ , (3.8)

1
2 (�̂

2
r̂ + �̂2

ẑ) + F�2ẑ = 0 on ẑ = ⇣̂(r̂) . (3.9)
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z

r

Figure 1. Sketch of the flow and of the coordinates.

smaller than a critical value Fc. Here m is the total flux produced by the sink, g
is the acceleration due to gravity and H is the distance between the sink and the
stagnation point above it. For F small, as r increases the computed surface elevation
first decreases from the stagnation level, reaches a minimum, and then rises again to
the stagnation level as r ! 1 (see figure 1). Forbes & Hocking (1990) showed that
the solution is then accurately described by an expansion in powers of F . For larger
values of F , a bump appears on the surface beyond the minimum. As F increases,
the height of the bump increases and it reaches the stagnation level for F = Fc.

The solution for F = Fc is particularly interesting because it contains a circular
ring of stagnation points on a free surface. In §3 we determine analytically a local
solution with a circular ring of stagnation points. This solution has a discontinuity in
slope at the ring, with an enclosed angle of 120�. It is an axisymmetric generalization
of the classical two-dimensional solution proposed by Stokes (1847) to describe the
flow near the crest of a gravity wave of maximum amplitude.

In §2, we present a numerical procedure to solve the flow problem of figure 1,
similar to that of Forbes & Hocking (1990). The di↵erences are explained in §2. We
confirm their finding that a bump arises on the surface. However, by truncating the
domain of computation at a su�ciently large value of r, we find that the bump is
the first crest of a train of waves. As F increases, the waves grow, reaching a limiting
configuration with a ring of stagnation points on the free surface when F = Fc. The
surface near this ring of stagnation points is consistent with the 120� angle of the
local analytic solution determined in §3.

2. Formulation
We consider the axisymmetric flow due to a submerged sink of strength m in water

of infinite depth. We seek flows for which there is a stagnation point on the free
surface just above the source (see figure 1). The fluid is assumed to be incompressible
and inviscid and the flow to be irrotational. We introduce cylindrical coordinates r, ✓
and z with the origin at the stagnation point. The source is at z = �H , r = 0. The
flow is axisymmetric about the z-axis, so that all the variables are independent of ✓.
We denote by z = ⇣(r) the equation of the free surface.

We introduce dimensionless variables by taking H as the reference length and m/H
as the reference velocity. Following Forbes & Hocking (1990), we formulate the
problem in terms of the potential function �. This function must satisfy Laplace’s
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Figure 2. Free-surface profiles in the (r, z)-plane for (a) F = 2, (b) F = 5, (c) F = Fc ⇡ 5.4,
(d ) F = 5. The profile (d ) di↵ers from the one in (b) because the truncation value of r is not large
enough.

approximated by the trapezoidal rule with a summation over the points smI . This
leads to N � 2 equations for the N unknowns (2.11). The last two equations are
obtained by relating ⇣1 and �1 to ⇣I and �I , I = 2, . . . , 4, by three-point interpolation
formulas. This system is solved by Newton’s method. Most results were obtained
with N = 600 and e = 0.02. We checked that the results presented are independent of
e and N by repeating the calculations with larger N and smaller e. We also repeated
the calculations with other choices for the last two equations (in particular other
interpolation formulas) and obtained the same results within graphical accuracy.

Typical free-surface profiles are shown in figure 2(a–c). Figures 2(b) and 2(c) show
that in general there is a train of waves on the surface. The wave amplitude decreases
as r increases. As r ! 1, the free surface becomes flat and approaches the stagnation
level. These results are qualitatively similar to those of Forbes & Hocking (1990).
The main di↵erence is that we find a train of waves on the free surface whereas they
find one bump. The reason is that they truncated the integral equation at too small a
value of s. It is necessary to truncate at a su�ciently large value s⇤ = (N �1)e of s for
the waves to appear, and for the numerical results to be independent of s⇤. This can
be seen by comparing figure 2(b), obtained with s⇤ = 12, with figure 2(d ), obtained
with s⇤ = 6, both for F = 5. In figure 2(d ), the waves are of smaller amplitude,
and only the first bump is significant. The profile in figure 2(d ) is close to that for
F = 5 shown in figure 2 of Forbes & Hocking’s paper, which was also computed
with s⇤ = 6. As a check, we calculated surface profiles with s⇤ > 12 and they agreed
within graphical accuracy with the one in figure 2(b).

We believe that there is a train of waves for each value of F 6 Fc but for F small
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Figure 4. Enlargement of figure 2(c) near the first crest. The dots are the computed values ⇣I . The
solid straight lines, given by (3.11), enclose an angle of 120� symmetric about the vertical.

We now seek a solution of (3.7)–(3.9) with a stagnation point on the free surface at
r̂ = ẑ = 0. This is the classical Stokes problem in the (r̂, ẑ)-plane. A solution is

�̂ = 2
3F

�1(r̂2 + ẑ2)3/4 cos
⇥

3
2

�
1
6⇡ + tan�1(ẑ/r̂)

�⇤
, (3.10)

⇣̂(r̂) = �

1
3

p

3|r̂| . (3.11)

From (3.11), we see that there is a discontinuity in the slope of the free surface at
r̂ = 0 with an enclosed angle of 120� symmetric about the vertical direction.

When (3.10) and (3.11) are used in (3.5) and (3.6), the parameter ✏ can be combined
with r̂ and ẑ and the results can be written in terms of r and z. Thus ✏ was just
a convenient tool for expanding ⇣ and � in powers of distance from the stagnation
point.

In figure 4 we show the free surface given by (3.11), and we also show an
enlargement of the neighbourhood of the first crest in the surface profile of figure 4,
calculated for F = Fc. Although there are not many mesh points near the crest, the
numerical results are consistent with the angle of 120� symmetric about the vertical
given by (3.11).

This work was supported in part by the National Science Foundation.

REFERENCES

Collings, I. L. 1986 Two infinite Froude number cusped free surface flows due to a submerged
line source or sink. J. Austral. Math Soc. B 28, 260–270.

Craya, A. 1949 Theoretical research on the flow of nonhomogeneous fluids. La Houille Blanche 4,
44–55.

Forbes, L. K. & Hocking, G. C. 1990 Flow caused by a point sink in a fluid having a free surface.
J. Austral. Math Soc. B 32, 231–249.

Hocking, G. C. 1985 Cusp-like free-surface flows due to a submerged source or sink in the presence
of a flat or sloping bottom. J. Austral. Math Soc. B 26, 470–486.

Hocking, G. C. 1988 Infinite Froude number solutions to the problem of a submerged source or
sink. J. Austral. Math. Soc. B 29, 401–409.

Hocking, G. C. 1991 Critical withdrawal from a two–layer fluid through a line sink. J. Engng
Maths 25, 1–11.

Hocking, G. C. & Forbes, L. K. 1992 Subcritical free-surface flow caused by a line source in a
fluid of finte depth. J. Engng Maths 26, 455–466.

9CC 5 : 8  0
25 5 7 9CC  42 3 :58  8 4  1 : :C , 8 . 5 /2 2C D3 4C C C9 ,2 3 :58 , C 7 D 2 2: 23 2C 9CC  42 3 :58  8 4 C  

36



CONCLUSIONS

two-dimensional free surface flows

axisymmetric free surface flows

three-dimensional free surface flows

37


