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|. The Unified Transform

Ut Ux+Upx =0, 0<x<oo, t>0,
u(x,0) = up(x), 0<x < o0,
u(0,t) = go(t), t>0.
Example 1: The Heat Equation

Up = Uy, O0<x<oo, 0<t<T, T>0,

u(x,0) = uwp(x), 0<x<oo, u(0,t)=go(t), 0<t<T.

The classical sine transform yields

u(x, t) = %/OO ek”gin(kx)[/ooo sin(k§)uo(§)d§k/ot ekzsgo(s)ds} dk.
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The unified transform yields
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u(x, t) = %/ e’kx_thﬁo(k)dk—g/ame" e [ao(— ) + 2ikGo(K?)] dk.
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Alternatively, Go(k,t) = [ e*go(s)ds, k € C.




Example 2: The Stokes Equation

The unified transform yields

1™ ik 1 i
u(x,t) = o / TNy (k) dk — o . eIt g (k) lk,
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[(1 = K)do(v2) + (k — v2)dio(11)] + (3k* — 1) Go(w(k)),
w(k) =ik —ik®>, ke D', D' ={Rew(k)<0}NnC".

V1,V

w(k) = w(vk).
Vit kuj+k>—1=0, j=1.2



Numerical Implementation

Consider the heat equation with
up(x) = xexp(—a’x), go(t) =sinbt, a,b>0.

Then,
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Summary
1747, d’ Alembert and Euler: Separation of Variables
1807, Fourier: Transforms
1814, Cauchy: Analyticity
1828, Green: Green's Representations
1845, Kelvin: Images
Fourier (spectral) Space Physical Space

Transforms Green's Integral Representations
Method of Images

\/

New Method
Integral Representations in the Fourier Space

Invariance of Global Relation and Jordan's Lemma
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lI. Medical Imaging

PET - SPECT
F-Gelfand (1994) : Novel derivation of 2D FT via 0

(0x, + 0%, — k) pu(x1, x2, k) = u(x1, x2).
F-Novikov (1992) : Novel derivation of Radon transform

[; ( ) O + = ! (k - /1(> GXZ] 1(xa, x2, k) = f(x1, x2).

Novikov (2002) : Derivation of attenuated Radon transform
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ATTENUATED RADON TRANSFORM

Direct Attenuated Radon transform

e(p0) = [ 17 g

Inverse Attenuated Radon transform

1 [ &)
g(p) > T o . p,_pdp

H(077-7 p) _ ej'fo fds {ep—f(p,e)Pfefp—f(p,e) + e7P+f(p,9)P+eP+f(p,9)} g,r(p, 9)'
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IIl. Asymptotics of the Riemann Zeta Function

The Laplace equation in the exterior of the Hankel contour and the
Riemann hypothesis

) . P s ; 1
gi(r) = (re* ™) u(re*®), g(0) = —g(ae’o) u(ae), u(z) = PR
The Riemann hypothesis is valid if and only if the above Neumann

boundary value problem does not have a solution which is bounded as
r — oo.

o AS. Fokas and M.L. Glasser, The Laplace equation in the exterior of
the Hankel contour and novel identities for the hypergeometric
functions, Proc. R. Soc. A 469, 20130081 (2013)



On the Lindelof Hypothesis

t [ M(it —irt) . ) B
ﬂfm%{”U+mrw+mﬂ}ma+mm%7+amg_q

0<o<1, t>0, (1)

ooty - €+ (R + ) 2o — 1)c(20 — 1) + HEBEEY,
R{W (3 +it)} +2y - In2m + 2,

with W(z) denoting the digamma function, i.e.,

and v denoting the Euler constant.



We conclude that

ZZ 51t53 m3 e 1 :{O(t?),

m, myen M In % (tl_(s3 - 1)}

where N is defined by

N:{m1€N+, m2€N+7 1<m < [T] ].STT'I2<|:T]7

1 t
mz><1+c(t)),t623-<c(t)-<1, t>0, T—}.
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