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The 2006 GFD Photograph.

A Sketch of the Summer
Ice was the topic under discussion at Walsh Cottage

during the 2006 Geophysical Fluid Dynamics Summer
Study Program. Professor Grae Worster (University of
Cambridge) was the principal lecturer, and navigated
our path through the fluid dynamics of icy processes
in GFD. Towards the end of Grae’s lectures, we also
held the 2006 GFD Public Lecture. This was given by
Greg Dash of the University of Washington, on matters
of ice physics and a well-known popularization: “Nine
Ices, Cloud Seeding and a Brother’s Farewell; how Kurt
Vonnegut learned the science for Cat’s Cradle (but con-
veniently left some out).” We again held the talk at Red-
field Auditorium, and relaxed in the evening sunshine
at the reception afterwards. As usual, the principal lec-
tures were followed by a variety of seminars on topics
icy and otherwise. We had focussed sessions on sea ice,
the impact of ice on climate, and glaciology.

John Wettlaufer, nimbly assisted by Neil Balm-
forth, directed the summer program, and almost single-
handedly took on the supervision of the fellows. Some
important acknowledgements: Young-Jin Kim (Univer-
sity of Chicago) helped out with the computers dur-
ing the first few weeks, and Keith Bradley worked his

usual magic in the Lab. We continue to be endebted to
W.H.O.I. Education, who once more provided a perfect
atmosphere. Jeanne Fleming, Penny Foster and Janet
Fields all contributed importantly to the smooth running
of the program.

The dragon enters the ice field.

Schedule of Principal Lectures
Week 1:

Monday, June 19: Introduction to Ice
Tuesday, June 20: Diffusion-controlled solidification
Wednesday, June 21: Interfacial instability in super-
cooled fluid
Thursday, June 22: Interfacial instability in two-
component melts
Friday, June 24: Formation of mushy layers

Week 2:
Monday, June 26: Idealized mushy layers
Tuesday, June 27: Convection in mushy layers
Thursday, June 29: Interfacial pre-melting
Friday, June 30: Thermomolecular flow, thermal
regelation and frost heave

Joe was a regular fixture of the Geophysical Fluid Dynamics programme 
(run at Woods Hole since 1959 – last attended in 2015)

GFD Photo – 2006
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Surface tension force on a partly submerged body
Joseph B. Keller
Departments of Mathematics and Mechanical Engineering, Stanford University, Stanford,
California 94305-2125

~Received 26 January 1998; accepted 29 July 1998!

The vertical component of the surface tension force on a body partly submerged in a liquid is shown
to equal the weight of liquid displaced by the meniscus. It is upward if the meniscus is depressed
and downward if the meniscus is elevated. Previously this was known for vertical axially symmetric
bodies and for two-dimensional vertical plates. The vertical component of the pressure force on the
body is shown to equal the weight of liquid which would fill the volume bounded by the wetted
surface of the body, a vertical cylinder through the waterline, and the original horizontal free
surface. © 1998 American Institute of Physics. @S1070-6631~98!02111-4#

A surface tension force FT and a pressure force FP act
on a body partly submerged in a liquid at rest. The vertical
component of FT will be shown to equal the weight of liquid
displaced by the meniscus, directed upward if the meniscus
is depressed and downward if it is elevated. This extends to
bodies of any shape the two-dimensional result for the force
on a vertical flat plate ~Rusanov and Prokhorov1! and the
axially symmetric results of Laplace2 for the volume of fluid
raised in a vertical capillary tube and of Schulze3 for the
force on any vertical axially symmetric body. The vertical
component of FP will be shown to equal the weight of liquid
which would fill a volume bounded by the wetted surface of
the body, a vertical cylinder through the waterline, and the
original horizontal free surface ~see Fig. 1!. The horizontal
components of FT and FP will be considered also.

The interface z5h(x ,y) between a liquid and gas at rest
satisfies the Young–Laplace equation

2T~]xn11]yn2!5rgh~x ,y !. ~1!

Here T is the coefficient of surface tension, n(x ,y)
[(n1 ,n2 ,n3)5@2hx ,2hy,1#(11hx

21hy
2)21/2 is the unit

normal to the interface pointing out of the liquid, r is the
density of the liquid, and g is the acceleration of gravity
which acts in the 2z direction. We assume that the interface
extends from a curve C on the surface S of a partly sub-
merged body to infinity, where h50. C is given by r(s)
where s is arclength on C.

The projection of C on the (x ,y) plane is a curve G with
arclength t and inward normal n(t). We integrate ~1! over
the (x ,y) plane outside G, apply the divergence theorem to
the left side, and assume that n1 and n2 vanish sufficiently
rapidly at infinity. Then we get

TE
G
n•ndt5WM . ~2!

WM is rg times the volume between the interface z
5h(x ,y) and the surface z50, counted negative if h.0.
Thus WM is the weight of the liquid displaced by the menis-
cus.

To interpret the left side of ~2! we note that

FT5TE
C
ṙ~s !3n@x~s !,y~s !#ds . ~3!

FIG. 1. The vertical component of the force FT due to surface tension is
positive in ~a! and negative in ~b!. Its magnitude is the weight of liquid
which would fill the cross-hatched regions. The vertical component of the
pressure force FP is positive in both cases. In ~a! it is equal to the weight of
the liquid which would fill the unhatched region between the body surface
and the x axis. In ~b! the area of the two small triangular regions above the
axis must be subtracted from the area below the axis. Thus in both cases, the
force is less than the weight of the liquid displaced by the body. In ~c! both
vertical forces are differences between volumes below and above the axis.

PHYSICS FLUIDS NOVEMBER 1998VOLUME 10, NUMBER 11

BRIEF COMMUNICATIONS
The purpose of this Brief Communications section is to present important research results of more limited scope than regular
articles appearing in Physics of Fluids. Submission of material of a peripheral or cursory nature is strongly discouraged. Brief
Communications cannot exceed three printed pages in length, including space allowed for title, figures, tables, references, and an
abstract limited to about 100 words.
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We multiply ~3! by ẑ• and observe that ẑ–ṙ3n5n–ẑ3ṙ
5n–n sin w where w is the angle between ẑ and ṙ. Since
sin w ds5dt, we get from ~3!

ẑ–FT5TE
C
n–n sin w ds5TE

G
n–ndt . ~4!

Now ~2! and ~4! yield the result

ẑ–FT5WM . ~5!

The force FP due to hydrostatic pressure is given by

FP5E rgzN~x!dA . ~6!

Here dA is the area element of the wetted surface S and N~x!
is the unit normal to S directed out of the body. To compute
the vertical component of FP we note that ẑ–N(x)dA
56dx dy . This is the signed area element on the x ,y plane
into which dA projects, where the sign is that of ẑ–N. When
the sign is negative at all points of S, S projects onto the
interior AG of G and we obtain

ẑ–FP52rgE
AG

z~x ,y !dx dy . ~7!

The integral in ~7! is just minus the volume V of the domain
bounded below by S, above by the plane z50, and laterally
by the vertical cylinder through C, which intersects the hori-
zontal plane in the curve G. Thus the right side of ~7! is just
the weight WV of the fluid contained in this domain, so we
have

ẑ–FP5WV . ~8!

This result remains true when ẑ–N changes sign, as one can
show by considering separately the regions where it is posi-
tive and where it is negative.

To obtain the total vertical force on the body, we add ~8!
and ~5!:

ẑ–~FT1FP!5WM1WV . ~9!

The right side of ~9! is the weight of liquid that would fill the
region bounded below by the interface and the wetted sur-

face of the body, and above by the undisturbed interface z
50, when h(x ,y) is single valued. If this region were filled
with liquid, it would obviously be held at rest by the liquid
below it. This provides a direct proof of ~9!. Subtracting ~8!
from ~9! gives a direct proof of ~5!. Weights or volumes
above z50 must be counted as negative. Similarly, the total
horizontal force on the body is equal to the horizontal force
on a vertical cylinder of large radius surrounding the body.
That force is zero, so we have

x̂•~FT1FP!50, ŷ•~FT1FP!50. ~10!

FP
h , the horizontal component of FP , is the same as the

horizontal component of the force exerted by the external
fluid on the vertical cylinder which extends downward from
C. We assume that the wetted surface of the body lies inside
this cylinder. The forces are equal because there is no net
horizontal force on the fluid bounded by S and this cylinder.
Thus

FP
h5rgE

G
E
z0

z~ t !
n~ t !z dz dt5

rg
2 E

G
z2~ t !n~ t !dt . ~11!

Here z(t) is the z coordinate of C at arclength position t on
G. The lower limit z0 , which is chosen below all points of S,
drops out of the calculation because the integral of n(t)
around the closed curve G vanishes. Thus FP

h is determined
by the depression of the waterline due to surface tension.
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Was this paper a result of Walsh Cottage chat?



A BRIEF HISTORY OF FLOATING

“Any object, wholly or partially immersed in a fluid, is buoyed up 
by a force equal to the weight of the fluid displaced by the object.”

Archimedes, On Floating Bodies (c. 250 BC)
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Archimedes’ principle seems to rule out dense 
objects (e.g. drawing pins) floating on water
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Figure 2
(a) Illustration showing Galileo’s understanding that a dense object (CIOS) may float because of the volume of liquid displaced by the
meniscus (AICB). Panel a reproduced from Galilei (1663). (b,c) The equivalence demonstrated by Keller’s (1998) generalization of
Archimedes’ principle to incorporate surface tension. (b) The restoring forces that counteract the floating body’s weight, mg, comprise
a surface tension force per unit length γ, which acts parallel to the surface and normal to the contact line, and the buoyancy force
generated by hydrostatic pressure p acting normal to the wetted surface of the body. It is natural that the resultant buoyancy force from
hydrostatic pressure is equal in magnitude to the weight of liquid displaced by the wetted body ( gray shaded area). (c) Keller (1998)
showed that the total restoring force on a floating body (including that due to surface tension) is the weight of the entire volume of
liquid displaced by that body ( gray shaded area).

Whether to think of the additional force as coming from the weight of liquid displaced by the
meniscus or from the surface tension force acting on the body is therefore a matter of preference.
However, it is important to bear both points of view in mind. For example, if one thinks only in
terms of the force per unit length provided by surface tension, it is tempting to believe that having
a long, convoluted contact line will allow surface tension to provide arbitrarily large supporting
forces. Thinking instead in terms of the weight of liquid displaced makes it clear that this cannot
be the case, for reasons discussed below.

Although impressive for its time, Galileo’s intuitive understanding that the weight of liquid
displaced by the meniscus must balance the excess weight of a dense floating object misses an
important part of the story: Objects cannot lower themselves arbitrarily deep into the liquid and
hence displace an arbitrary amount of liquid in their meniscus. Instead, the shape of a meniscus,
z = h(x, y), for example, of a liquid with interfacial tension γ , density ρℓ, and subject to a gravi-
tational acceleration g, must be given by a solution of the Laplace-Young equation:

− ∇ · n = h/ℓ2
c , (1)

where ℓc = (γ /ρℓg)1/2 is the capillary length, and n = (−∇h, 1)/(1+|∇h|2)1/2 is the unit (outward
pointing) normal to the liquid surface (Finn 1986).

There are no general results that limit the maximum depth of a meniscus; indeed, for a meniscus
contained within a sufficiently tight corner, the meniscus depth may be unbounded (e.g., see
Finn 1986, p. 116). Nevertheless, in cases of practical interest, the maximum depth of a static
meniscus is a multiple of either the capillary length, ℓc , or the typical radius of the object, R,
whichever is smaller (Finn 1986, Lo 1983). Because the horizontal length scale over which a
meniscus decays is the capillary length ℓc , the typical weight of liquid displaced in the meniscus
scales as ρℓg min{R, ℓc }ℓ2

c . Hence, we expect that a solid object of density ρ s and typical radius R
can float only if ρs R3 ≤ αρℓ min{R, ℓc }ℓ2

c for some dimensionless constant α.
From this scaling, it is clear that objects with solid densities significantly larger than that of the

liquid can only float if R ≪ ℓc . In this case, flotation is possible provided that

ρs /ρℓ ≤ α(R/ℓc )−2 = αBo−1, (2)
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A BRIEF HISTORY OF FLOATING

“Any object, wholly or partially immersed in a fluid, is buoyed up 
by a force equal to the weight of the fluid displaced by the object.”

Archimedes, On Floating Bodies (c. 250 BC)

Galileo Galilei, Discourse on Floating Bodies (1663)

“When ever the excess of the Gravity of the Solid above the Gravity of 
the Water shall have the same proportion to the Gravity of the Water 
that the Altitude of the Rampart, hath to the thickness of the Solid, 
that Solid shall not sink, but being never so little thicker it shall.”
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A BRIEF HISTORY OF FLOATING

“Any object, wholly or partially immersed in a fluid, is buoyed up 
by a force equal to the weight of the fluid displaced by the object.”

Archimedes, On Floating Bodies (c. 250 BC)

Galileo Galilei, Discourse on Floating Bodies (1663)

“When ever the excess of the Gravity of the Solid above the Gravity of 
the Water shall have the same proportion to the Gravity of the Water 
that the Altitude of the Rampart, hath to the thickness of the Solid, 
that Solid shall not sink, but being never so little thicker it shall.”

Galileo’s picture 
Extra force arises from weight of liquid displaced by meniscus
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z = h(x, y), for example, of a liquid with interfacial tension γ , density ρℓ, and subject to a gravi-
tational acceleration g, must be given by a solution of the Laplace-Young equation:

− ∇ · n = h/ℓ2
c , (1)

where ℓc = (γ /ρℓg)1/2 is the capillary length, and n = (−∇h, 1)/(1+|∇h|2)1/2 is the unit (outward
pointing) normal to the liquid surface (Finn 1986).

There are no general results that limit the maximum depth of a meniscus; indeed, for a meniscus
contained within a sufficiently tight corner, the meniscus depth may be unbounded (e.g., see
Finn 1986, p. 116). Nevertheless, in cases of practical interest, the maximum depth of a static
meniscus is a multiple of either the capillary length, ℓc , or the typical radius of the object, R,
whichever is smaller (Finn 1986, Lo 1983). Because the horizontal length scale over which a
meniscus decays is the capillary length ℓc , the typical weight of liquid displaced in the meniscus
scales as ρℓg min{R, ℓc }ℓ2

c . Hence, we expect that a solid object of density ρ s and typical radius R
can float only if ρs R3 ≤ αρℓ min{R, ℓc }ℓ2

c for some dimensionless constant α.
From this scaling, it is clear that objects with solid densities significantly larger than that of the

liquid can only float if R ≪ ℓc . In this case, flotation is possible provided that

ρs /ρℓ ≤ α(R/ℓc )−2 = αBo−1, (2)
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A BRIEF HISTORY OF FLOATING

“Any object, wholly or partially immersed in a fluid, is buoyed up 
by a force equal to the weight of the fluid displaced by the object.”

Archimedes, On Floating Bodies (c. 250 BC)

Galileo Galilei, Discourse on Floating Bodies (1663)

“When ever the excess of the Gravity of the Solid above the Gravity of 
the Water shall have the same proportion to the Gravity of the Water 
that the Altitude of the Rampart, hath to the thickness of the Solid, 
that Solid shall not sink, but being never so little thicker it shall.”

Galileo’s picture 
Extra force arises from weight of liquid displaced by meniscus

FL47CH06-Vella ARI 14 November 2014 9:50
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Figure 2
(a) Illustration showing Galileo’s understanding that a dense object (CIOS) may float because of the volume of liquid displaced by the
meniscus (AICB). Panel a reproduced from Galilei (1663). (b,c) The equivalence demonstrated by Keller’s (1998) generalization of
Archimedes’ principle to incorporate surface tension. (b) The restoring forces that counteract the floating body’s weight, mg, comprise
a surface tension force per unit length γ, which acts parallel to the surface and normal to the contact line, and the buoyancy force
generated by hydrostatic pressure p acting normal to the wetted surface of the body. It is natural that the resultant buoyancy force from
hydrostatic pressure is equal in magnitude to the weight of liquid displaced by the wetted body ( gray shaded area). (c) Keller (1998)
showed that the total restoring force on a floating body (including that due to surface tension) is the weight of the entire volume of
liquid displaced by that body ( gray shaded area).

Whether to think of the additional force as coming from the weight of liquid displaced by the
meniscus or from the surface tension force acting on the body is therefore a matter of preference.
However, it is important to bear both points of view in mind. For example, if one thinks only in
terms of the force per unit length provided by surface tension, it is tempting to believe that having
a long, convoluted contact line will allow surface tension to provide arbitrarily large supporting
forces. Thinking instead in terms of the weight of liquid displaced makes it clear that this cannot
be the case, for reasons discussed below.

Although impressive for its time, Galileo’s intuitive understanding that the weight of liquid
displaced by the meniscus must balance the excess weight of a dense floating object misses an
important part of the story: Objects cannot lower themselves arbitrarily deep into the liquid and
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tational acceleration g, must be given by a solution of the Laplace-Young equation:

− ∇ · n = h/ℓ2
c , (1)

where ℓc = (γ /ρℓg)1/2 is the capillary length, and n = (−∇h, 1)/(1+|∇h|2)1/2 is the unit (outward
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contained within a sufficiently tight corner, the meniscus depth may be unbounded (e.g., see
Finn 1986, p. 116). Nevertheless, in cases of practical interest, the maximum depth of a static
meniscus is a multiple of either the capillary length, ℓc , or the typical radius of the object, R,
whichever is smaller (Finn 1986, Lo 1983). Because the horizontal length scale over which a
meniscus decays is the capillary length ℓc , the typical weight of liquid displaced in the meniscus
scales as ρℓg min{R, ℓc }ℓ2

c . Hence, we expect that a solid object of density ρ s and typical radius R
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c for some dimensionless constant α.
From this scaling, it is clear that objects with solid densities significantly larger than that of the
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Whether to think of the additional force as coming from the weight of liquid displaced by the
meniscus or from the surface tension force acting on the body is therefore a matter of preference.
However, it is important to bear both points of view in mind. For example, if one thinks only in
terms of the force per unit length provided by surface tension, it is tempting to believe that having
a long, convoluted contact line will allow surface tension to provide arbitrarily large supporting
forces. Thinking instead in terms of the weight of liquid displaced makes it clear that this cannot
be the case, for reasons discussed below.

Although impressive for its time, Galileo’s intuitive understanding that the weight of liquid
displaced by the meniscus must balance the excess weight of a dense floating object misses an
important part of the story: Objects cannot lower themselves arbitrarily deep into the liquid and
hence displace an arbitrary amount of liquid in their meniscus. Instead, the shape of a meniscus,
z = h(x, y), for example, of a liquid with interfacial tension γ , density ρℓ, and subject to a gravi-
tational acceleration g, must be given by a solution of the Laplace-Young equation:

− ∇ · n = h/ℓ2
c , (1)

where ℓc = (γ /ρℓg)1/2 is the capillary length, and n = (−∇h, 1)/(1+|∇h|2)1/2 is the unit (outward
pointing) normal to the liquid surface (Finn 1986).

There are no general results that limit the maximum depth of a meniscus; indeed, for a meniscus
contained within a sufficiently tight corner, the meniscus depth may be unbounded (e.g., see
Finn 1986, p. 116). Nevertheless, in cases of practical interest, the maximum depth of a static
meniscus is a multiple of either the capillary length, ℓc , or the typical radius of the object, R,
whichever is smaller (Finn 1986, Lo 1983). Because the horizontal length scale over which a
meniscus decays is the capillary length ℓc , the typical weight of liquid displaced in the meniscus
scales as ρℓg min{R, ℓc }ℓ2

c . Hence, we expect that a solid object of density ρ s and typical radius R
can float only if ρs R3 ≤ αρℓ min{R, ℓc }ℓ2

c for some dimensionless constant α.
From this scaling, it is clear that objects with solid densities significantly larger than that of the

liquid can only float if R ≪ ℓc . In this case, flotation is possible provided that

ρs /ρℓ ≤ α(R/ℓc )−2 = αBo−1, (2)
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What about the force from surface tension?



KELLER’S THEOREM

“The vertical component of the surface tension force 
on a body partly submerged in a liquid is shown to 
equal the weight of liquid displaced by the 
meniscus.”

Keller, Phys. Fluids (1998)
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2.2 The contribution of surface tension

2.2 The contribution of surface tension

The quotation at the beginning of this chapter clearly shows that Galileo believed that

small, dense objects could float because of the substantial volume of liquid displaced in

what we now call the menisci. This hypothesis is easily rationalized because the liquid has

no knowledge of the precise shape of the object away from the wetted surface. The liquid

must therefore supply a vertical force equal to the total weight of displaced liquid, by

the familiar Archimedes’ principle. At the same time, the notion of an interfacial tension

suggests that the vertical force supplied by the external liquid must be the result of this

tension acting around the contact line. Keller (1998) was the first to show that these two

physical pictures are, in fact, equivalent. Since our consideration of when objects can float

will rely heavily on this equivalence, we repeat the proof given by Keller in this section.

Consider an irregularly shaped object floating at an interface, as in figure 2.3. The

contact line, C, is given in terms of arc length s by x = r(s) and the normal to the liquid

interface (pointing from liquid to fluid) is n. At the contact line, the surface tension γAB

acts perpendicular to both the normal to the interface and the tangent to the contact line.

Summing the contributions of this force around the closed loop of the contact line, C, we
find that the total force on the object due to surface tension, F st, is

F st = γAB

!

C
ṙ(s)×n ds. (2.1)

Since we shall be interested primarily in the vertical component of this force, we take the

scalar product of (2.1) with the vertical unit vector, k. Now, the projection of C onto the

x− y plane (denoted by Cπ) has inward pointing normal ν and a different arc length, s′.

γAB

ṙ(s)C

Figure 2.3: Schematic diagram of an irregularly shaped object floating at a liquid–fluid interface.
The notation here is that used in the proof of the generalized Archimedes’ principle. The contact
line, C, is given in terms of arc length s by x = r(s).
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Surface tension force:
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ṙ(s)C

Figure 2.3: Schematic diagram of an irregularly shaped object floating at a liquid–fluid interface.
The notation here is that used in the proof of the generalized Archimedes’ principle. The contact
line, C, is given in terms of arc length s by x = r(s).

9

2.2 The contribution of surface tension

2.2 The contribution of surface tension

The quotation at the beginning of this chapter clearly shows that Galileo believed that

small, dense objects could float because of the substantial volume of liquid displaced in

what we now call the menisci. This hypothesis is easily rationalized because the liquid has

no knowledge of the precise shape of the object away from the wetted surface. The liquid

must therefore supply a vertical force equal to the total weight of displaced liquid, by

the familiar Archimedes’ principle. At the same time, the notion of an interfacial tension

suggests that the vertical force supplied by the external liquid must be the result of this

tension acting around the contact line. Keller (1998) was the first to show that these two

physical pictures are, in fact, equivalent. Since our consideration of when objects can float

will rely heavily on this equivalence, we repeat the proof given by Keller in this section.

Consider an irregularly shaped object floating at an interface, as in figure 2.3. The

contact line, C, is given in terms of arc length s by x = r(s) and the normal to the liquid

interface (pointing from liquid to fluid) is n. At the contact line, the surface tension γAB

acts perpendicular to both the normal to the interface and the tangent to the contact line.

Summing the contributions of this force around the closed loop of the contact line, C, we
find that the total force on the object due to surface tension, F st, is

F st = γAB

!

C
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Surface tension force:
2.2 The contribution of surface tension

Geometry then gives k × ṙ ds = ν ds′ and so we have that

k · F st = γAB

!

Cπ
n · ν ds′. (2.2)

Denoting the projection of the wetted surface onto the x− y plane by Wπ, the divergence

theorem applied on R2 \Wπ gives

k · F st = γAB

!

R2\Wπ

∇ · n dA. (2.3)

To progress further, we must relate γAB∇ · n, the curvature pressure due to surface ten-

sion, to the deflection of the contact line. In equilibrium, the curvature pressure is precisely

balanced by the hydrostatic pressure in the liquid. If fluids of density ρA and ρB (ρA < ρB)

meet at the interface, then the pressure just beneath the interface is (ρA − ρB)gh, where

h is the displacement of the interface from horizontal (see figure 2.2). Mathematically,

the balance between the hydrostatic and curvature pressures may be expressed by the

Laplace–Young equation (Finn, 1986)

(ρB − ρA)gh = −γAB∇ · n, (2.4)

where n is the unit vector normal to the interface. Substituting this result into (2.3), we

obtain

k · F st = −(ρB − ρA)g

!

R2\Wπ

h dA. (2.5)

Physically, (2.5) shows that the vertical force contributed by surface tension is simply the

(modified) weight of liquid displaced in the menisci exterior to the object.

For small objects, such as the spider’s legs shown in figure 2.1b, the vertical contribution

of surface tension dominates the contribution from the more conventional Archimedean

upthrust caused by the excluded volume of the body itself. However, for large, thin objects

(such as the drawing pin of figure 2.1a) the situation is more subtle. In this case, there

is also a substantial volume of fluid displaced directly above the object itself. It is a

relatively simple matter to show that the vertical force contribution due to hydrostatic

pressure, k · F hp, is given by

k · F hp = −(ρB − ρA)g

!

Wπ

h dA, (2.6)

which is simply the (modified) weight of water that would fill the hatched region in figure

2.4 for a circular cylinder lying horizontally at the interface. Combining this with the

physical interpretation of (2.5), we see that the total vertical force acting on an interfacial

object is indeed the modified weight of liquid that its presence at the interface displaces

10
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Looking at the vertical component:
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meniscus.”
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To progress further, we must relate γAB∇ · n, the curvature pressure due to surface ten-

sion, to the deflection of the contact line. In equilibrium, the curvature pressure is precisely

balanced by the hydrostatic pressure in the liquid. If fluids of density ρA and ρB (ρA < ρB)

meet at the interface, then the pressure just beneath the interface is (ρA − ρB)gh, where

h is the displacement of the interface from horizontal (see figure 2.2). Mathematically,

the balance between the hydrostatic and curvature pressures may be expressed by the

Laplace–Young equation (Finn, 1986)

(ρB − ρA)gh = −γAB∇ · n, (2.4)

where n is the unit vector normal to the interface. Substituting this result into (2.3), we

obtain

k · F st = −(ρB − ρA)g

!

R2\Wπ

h dA. (2.5)

Physically, (2.5) shows that the vertical force contributed by surface tension is simply the

(modified) weight of liquid displaced in the menisci exterior to the object.

For small objects, such as the spider’s legs shown in figure 2.1b, the vertical contribution

of surface tension dominates the contribution from the more conventional Archimedean

upthrust caused by the excluded volume of the body itself. However, for large, thin objects

(such as the drawing pin of figure 2.1a) the situation is more subtle. In this case, there

is also a substantial volume of fluid displaced directly above the object itself. It is a

relatively simple matter to show that the vertical force contribution due to hydrostatic

pressure, k · F hp, is given by

k · F hp = −(ρB − ρA)g

!

Wπ

h dA, (2.6)

which is simply the (modified) weight of water that would fill the hatched region in figure

2.4 for a circular cylinder lying horizontally at the interface. Combining this with the

physical interpretation of (2.5), we see that the total vertical force acting on an interfacial

object is indeed the modified weight of liquid that its presence at the interface displaces
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KELLER’S THEOREM

“The vertical component of the surface tension force 
on a body partly submerged in a liquid is shown to 
equal the weight of liquid displaced by the 
meniscus.”

Keller, Phys. Fluids (1998)

2.2 The contribution of surface tension

2.2 The contribution of surface tension

The quotation at the beginning of this chapter clearly shows that Galileo believed that

small, dense objects could float because of the substantial volume of liquid displaced in

what we now call the menisci. This hypothesis is easily rationalized because the liquid has

no knowledge of the precise shape of the object away from the wetted surface. The liquid

must therefore supply a vertical force equal to the total weight of displaced liquid, by

the familiar Archimedes’ principle. At the same time, the notion of an interfacial tension

suggests that the vertical force supplied by the external liquid must be the result of this

tension acting around the contact line. Keller (1998) was the first to show that these two

physical pictures are, in fact, equivalent. Since our consideration of when objects can float

will rely heavily on this equivalence, we repeat the proof given by Keller in this section.

Consider an irregularly shaped object floating at an interface, as in figure 2.3. The

contact line, C, is given in terms of arc length s by x = r(s) and the normal to the liquid

interface (pointing from liquid to fluid) is n. At the contact line, the surface tension γAB

acts perpendicular to both the normal to the interface and the tangent to the contact line.

Summing the contributions of this force around the closed loop of the contact line, C, we
find that the total force on the object due to surface tension, F st, is

F st = γAB

!

C
ṙ(s)×n ds. (2.1)

Since we shall be interested primarily in the vertical component of this force, we take the

scalar product of (2.1) with the vertical unit vector, k. Now, the projection of C onto the

x− y plane (denoted by Cπ) has inward pointing normal ν and a different arc length, s′.

γAB

ṙ(s)C

Figure 2.3: Schematic diagram of an irregularly shaped object floating at a liquid–fluid interface.
The notation here is that used in the proof of the generalized Archimedes’ principle. The contact
line, C, is given in terms of arc length s by x = r(s).
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Geometry then gives k × ṙ ds = ν ds′ and so we have that

k · F st = γAB

!

Cπ
n · ν ds′. (2.2)

Denoting the projection of the wetted surface onto the x− y plane by Wπ, the divergence

theorem applied on R2 \Wπ gives

k · F st = γAB

!

R2\Wπ

∇ · n dA. (2.3)

To progress further, we must relate γAB∇ · n, the curvature pressure due to surface ten-

sion, to the deflection of the contact line. In equilibrium, the curvature pressure is precisely

balanced by the hydrostatic pressure in the liquid. If fluids of density ρA and ρB (ρA < ρB)

meet at the interface, then the pressure just beneath the interface is (ρA − ρB)gh, where

h is the displacement of the interface from horizontal (see figure 2.2). Mathematically,

the balance between the hydrostatic and curvature pressures may be expressed by the

Laplace–Young equation (Finn, 1986)

(ρB − ρA)gh = −γAB∇ · n, (2.4)

where n is the unit vector normal to the interface. Substituting this result into (2.3), we

obtain

k · F st = −(ρB − ρA)g
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R2\Wπ

h dA. (2.5)

Physically, (2.5) shows that the vertical force contributed by surface tension is simply the

(modified) weight of liquid displaced in the menisci exterior to the object.

For small objects, such as the spider’s legs shown in figure 2.1b, the vertical contribution

of surface tension dominates the contribution from the more conventional Archimedean

upthrust caused by the excluded volume of the body itself. However, for large, thin objects

(such as the drawing pin of figure 2.1a) the situation is more subtle. In this case, there

is also a substantial volume of fluid displaced directly above the object itself. It is a

relatively simple matter to show that the vertical force contribution due to hydrostatic

pressure, k · F hp, is given by

k · F hp = −(ρB − ρA)g

!

Wπ

h dA, (2.6)

which is simply the (modified) weight of water that would fill the hatched region in figure

2.4 for a circular cylinder lying horizontally at the interface. Combining this with the

physical interpretation of (2.5), we see that the total vertical force acting on an interfacial

object is indeed the modified weight of liquid that its presence at the interface displaces
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Surface tension force:
2.2 The contribution of surface tension

Geometry then gives k × ṙ ds = ν ds′ and so we have that

k · F st = γAB

!

Cπ
n · ν ds′. (2.2)

Denoting the projection of the wetted surface onto the x− y plane by Wπ, the divergence

theorem applied on R2 \Wπ gives

k · F st = γAB

!

R2\Wπ

∇ · n dA. (2.3)

To progress further, we must relate γAB∇ · n, the curvature pressure due to surface ten-

sion, to the deflection of the contact line. In equilibrium, the curvature pressure is precisely

balanced by the hydrostatic pressure in the liquid. If fluids of density ρA and ρB (ρA < ρB)

meet at the interface, then the pressure just beneath the interface is (ρA − ρB)gh, where

h is the displacement of the interface from horizontal (see figure 2.2). Mathematically,

the balance between the hydrostatic and curvature pressures may be expressed by the

Laplace–Young equation (Finn, 1986)

(ρB − ρA)gh = −γAB∇ · n, (2.4)

where n is the unit vector normal to the interface. Substituting this result into (2.3), we

obtain

k · F st = −(ρB − ρA)g

!

R2\Wπ

h dA. (2.5)

Physically, (2.5) shows that the vertical force contributed by surface tension is simply the

(modified) weight of liquid displaced in the menisci exterior to the object.

For small objects, such as the spider’s legs shown in figure 2.1b, the vertical contribution

of surface tension dominates the contribution from the more conventional Archimedean

upthrust caused by the excluded volume of the body itself. However, for large, thin objects

(such as the drawing pin of figure 2.1a) the situation is more subtle. In this case, there

is also a substantial volume of fluid displaced directly above the object itself. It is a

relatively simple matter to show that the vertical force contribution due to hydrostatic

pressure, k · F hp, is given by

k · F hp = −(ρB − ρA)g

!

Wπ

h dA, (2.6)

which is simply the (modified) weight of water that would fill the hatched region in figure

2.4 for a circular cylinder lying horizontally at the interface. Combining this with the

physical interpretation of (2.5), we see that the total vertical force acting on an interfacial

object is indeed the modified weight of liquid that its presence at the interface displaces
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To eliminate curvature, use Laplace-Young equation:



ROUGH SURFACES
Often think of surface tension as providing a force per 
unit length – does this explain why water walking 
insects have hairy legs?

Keller’s Theorem shows that this cannot be the case 
– a hairy surface does not significantly alter the 
volume of liquid displaced
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water surface (for methods, see supplemen-
tary information). Surprisingly, the leg does
not pierce the water surface until a dimple of
4.38!0.02 mm depth is formed (Fig. 1a).
The maximal supporting force of a single leg
is 152 dynes (see supplementary informa-
tion),or about 15 times the total body weight
of the insect. The corresponding volume of
water ejected is roughly 300 times that of
the leg itself, indicating that its surface is
strikingly water repellent.

For comparison, we made a hydrophobic
‘leg’ from a smooth quartz fibre that was 
similar in shape and size to a strider’s leg. Its
surface was modified by a self-assembling
monolayer of low-surface-energy hepta-
decafluorodecyltrimethoxysilane (FAS-17),
which makes a contact angle of 109° with a
water droplet on a flat surface4. Water sup-
ports the artificial leg with a maximal force of
only 19.05 dynes (see supplementary infor-
mation), which is enough to support the
strider at rest but not to enable it to glide or
dart around rapidly on the surface.

This finding suggests that the force exerted
by the strider’s legs could be due to a ‘super-
hydrophobic’ effect (that is, the contact angle
with water would be greater than 150°). We
verified that this was indeed the case by sessile
water-drop measurements, which showed
that that the contact angle of the insect’s legs
with water was 167.6!4.4° (Fig.1a,inset).

The contact angle of water made with the
cuticle wax secreted on a strider’s leg is about
105° (ref. 5), which is not enough to account
for its marked water repellence.Knowing that
microstructures on an object with low surface
energy can enhance its hydrophobicity6, we
investigated the physical features of the legs.

Scanning electronic micrographs revealed
numerous oriented setae on the legs.These are
needle-shaped, with diameters ranging from
3 micrometres down to several hundred
nanometres (Fig. 1b). Most setae are roughly
50 "m in length and arranged at an inclined
angle of about 20° from the surface of leg.
Many elaborate, nanoscale grooves are evi-
dent on each microseta, and these form a
unique hierarchical structure (Fig.1c).

According to Cassie’s law for surface wet-
tability, such microstructures can be regard-
ed as heterogeneous surfaces composed of
solid and air7. The apparent contact angle #l

of the legs is described by cos#l$f1cos#w%f2,
where f1 is the area fraction of microsetae
with nanogrooves, f2 is the area fraction of air
on the leg surface and #w is the contact angle
of the secreted wax. Using measured values
of #l and #w, we deduce from the equation
that the air fraction between the leg and the
water surface corresponds to f2$96.86%.
Available air is trapped in spaces in the
microsetae and nanogrooves to form a cush-
ion at the leg–water interface that prevents
the legs from being wetted.

This unique hierarchical micro- and
nanostructuring on the leg’s surface there-
fore seems to be responsible for its water
resistance and the strong supporting force.
This clever arrangement allows water strid-
ers to survive on water even if they are being
bombarded by raindrops, when they bounce
to avoid being drowned. Our discovery may
be helpful in the design of miniature aquatic
devices and non-wetting materials.
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Figure 1 The non-wetting leg of a water strider. a, Typical side

view of a maximal-depth dimple (4.38!0.02 mm) just before the

leg pierces the water surface. Inset, water droplet on a leg; this

makes a contact angle of 167.6!4.4°. b, c, Scanning electron

microscope images of a leg showing numerous oriented spindly

microsetae (b) and the fine nanoscale grooved structures on a

seta (c). Scale bars: b, 20 "m; c, 200 nm.

Biophysics

Water-repellent legs 
of water striders 

Water striders (Gerris remigis) have
remarkable non-wetting legs that
enable them to stand effortlessly and

move quickly on water, a feature believed to
be due to a surface-tension effect caused by
secreted wax1–3. We show here, however, that
it is the special hierarchical structure of the
legs, which are covered by large numbers of
oriented tiny hairs (microsetae) with fine
nanogrooves, that is more important in
inducing this water resistance.

We used a high-sensitivity balance system
to construct force–displacement curves for 
a water strider’s legs when pressing on the
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Key point: contact line length is increased but 
presence of nearby hairs causes mini-menisci to 
flatten (and hence provide less force)



ROUGH SURFACES
Often think of surface tension as providing a force per 
unit length – does this explain why water walking 
insects have hairy legs?

Keller’s Theorem shows that this cannot be the case 
– a hairy surface does not significantly alter the 
volume of liquid displaced

dissolving lead shavings in vinegar8. Stannic
oxide would have been an acceptable substi-
tute,with supplies being available through the
Cornish tin industry. The Romano–British
chemists probably believed that they were
using a new source of cerussa, so confused
were their encyclopaedias in distinguishing
lead from tin.

None of the surviving Greco–Roman med-
ical corpora suggest that tin had pharmaceu-
tical value9.Although organic tin compounds
are now well known for their toxicological
properties,inorganic forms seem to be largely
inert10. Hence, unless SnO2 was added owing
to some hitherto unrecognized medicinal
attribute, we must conclude that its function
was solely as a pigment. The non-toxic prop-
erties of SnO2 would also have been desir-
able, because by the second century AD the
dangers of lead were becoming recognized9.
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water surface (for methods, see supplemen-
tary information). Surprisingly, the leg does
not pierce the water surface until a dimple of
4.38!0.02 mm depth is formed (Fig. 1a).
The maximal supporting force of a single leg
is 152 dynes (see supplementary informa-
tion),or about 15 times the total body weight
of the insect. The corresponding volume of
water ejected is roughly 300 times that of
the leg itself, indicating that its surface is
strikingly water repellent.

For comparison, we made a hydrophobic
‘leg’ from a smooth quartz fibre that was 
similar in shape and size to a strider’s leg. Its
surface was modified by a self-assembling
monolayer of low-surface-energy hepta-
decafluorodecyltrimethoxysilane (FAS-17),
which makes a contact angle of 109° with a
water droplet on a flat surface4. Water sup-
ports the artificial leg with a maximal force of
only 19.05 dynes (see supplementary infor-
mation), which is enough to support the
strider at rest but not to enable it to glide or
dart around rapidly on the surface.

This finding suggests that the force exerted
by the strider’s legs could be due to a ‘super-
hydrophobic’ effect (that is, the contact angle
with water would be greater than 150°). We
verified that this was indeed the case by sessile
water-drop measurements, which showed
that that the contact angle of the insect’s legs
with water was 167.6!4.4° (Fig.1a,inset).

The contact angle of water made with the
cuticle wax secreted on a strider’s leg is about
105° (ref. 5), which is not enough to account
for its marked water repellence.Knowing that
microstructures on an object with low surface
energy can enhance its hydrophobicity6, we
investigated the physical features of the legs.

Scanning electronic micrographs revealed
numerous oriented setae on the legs.These are
needle-shaped, with diameters ranging from
3 micrometres down to several hundred
nanometres (Fig. 1b). Most setae are roughly
50 "m in length and arranged at an inclined
angle of about 20° from the surface of leg.
Many elaborate, nanoscale grooves are evi-
dent on each microseta, and these form a
unique hierarchical structure (Fig.1c).

According to Cassie’s law for surface wet-
tability, such microstructures can be regard-
ed as heterogeneous surfaces composed of
solid and air7. The apparent contact angle #l

of the legs is described by cos#l$f1cos#w%f2,
where f1 is the area fraction of microsetae
with nanogrooves, f2 is the area fraction of air
on the leg surface and #w is the contact angle
of the secreted wax. Using measured values
of #l and #w, we deduce from the equation
that the air fraction between the leg and the
water surface corresponds to f2$96.86%.
Available air is trapped in spaces in the
microsetae and nanogrooves to form a cush-
ion at the leg–water interface that prevents
the legs from being wetted.

This unique hierarchical micro- and
nanostructuring on the leg’s surface there-
fore seems to be responsible for its water
resistance and the strong supporting force.
This clever arrangement allows water strid-
ers to survive on water even if they are being
bombarded by raindrops, when they bounce
to avoid being drowned. Our discovery may
be helpful in the design of miniature aquatic
devices and non-wetting materials.
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Figure 1 The non-wetting leg of a water strider. a, Typical side

view of a maximal-depth dimple (4.38!0.02 mm) just before the

leg pierces the water surface. Inset, water droplet on a leg; this

makes a contact angle of 167.6!4.4°. b, c, Scanning electron

microscope images of a leg showing numerous oriented spindly

microsetae (b) and the fine nanoscale grooved structures on a

seta (c). Scale bars: b, 20 "m; c, 200 nm.

Biophysics

Water-repellent legs 
of water striders 

Water striders (Gerris remigis) have
remarkable non-wetting legs that
enable them to stand effortlessly and

move quickly on water, a feature believed to
be due to a surface-tension effect caused by
secreted wax1–3. We show here, however, that
it is the special hierarchical structure of the
legs, which are covered by large numbers of
oriented tiny hairs (microsetae) with fine
nanogrooves, that is more important in
inducing this water resistance.

We used a high-sensitivity balance system
to construct force–displacement curves for 
a water strider’s legs when pressing on the

4.11 brief comms NR  28/10/04  4:22 pm  Page 36

©  2004 Nature  Publishing Group

G
ao

 &
 Jia

ng
 (2

00
4)

Key point: contact line length is increased but 
presence of nearby hairs causes mini-menisci to 
flatten (and hence provide less force)

Also allows us to understand floating of 
‘inverse Leidenfrost drops’ (water on 
liquid Nitrogen):



ROUGH SURFACES
Often think of surface tension as providing a force per 
unit length – does this explain why water walking 
insects have hairy legs?

Keller’s Theorem shows that this cannot be the case 
– a hairy surface does not significantly alter the 
volume of liquid displaced

dissolving lead shavings in vinegar8. Stannic
oxide would have been an acceptable substi-
tute,with supplies being available through the
Cornish tin industry. The Romano–British
chemists probably believed that they were
using a new source of cerussa, so confused
were their encyclopaedias in distinguishing
lead from tin.

None of the surviving Greco–Roman med-
ical corpora suggest that tin had pharmaceu-
tical value9.Although organic tin compounds
are now well known for their toxicological
properties,inorganic forms seem to be largely
inert10. Hence, unless SnO2 was added owing
to some hitherto unrecognized medicinal
attribute, we must conclude that its function
was solely as a pigment. The non-toxic prop-
erties of SnO2 would also have been desir-
able, because by the second century AD the
dangers of lead were becoming recognized9.
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water surface (for methods, see supplemen-
tary information). Surprisingly, the leg does
not pierce the water surface until a dimple of
4.38!0.02 mm depth is formed (Fig. 1a).
The maximal supporting force of a single leg
is 152 dynes (see supplementary informa-
tion),or about 15 times the total body weight
of the insect. The corresponding volume of
water ejected is roughly 300 times that of
the leg itself, indicating that its surface is
strikingly water repellent.

For comparison, we made a hydrophobic
‘leg’ from a smooth quartz fibre that was 
similar in shape and size to a strider’s leg. Its
surface was modified by a self-assembling
monolayer of low-surface-energy hepta-
decafluorodecyltrimethoxysilane (FAS-17),
which makes a contact angle of 109° with a
water droplet on a flat surface4. Water sup-
ports the artificial leg with a maximal force of
only 19.05 dynes (see supplementary infor-
mation), which is enough to support the
strider at rest but not to enable it to glide or
dart around rapidly on the surface.

This finding suggests that the force exerted
by the strider’s legs could be due to a ‘super-
hydrophobic’ effect (that is, the contact angle
with water would be greater than 150°). We
verified that this was indeed the case by sessile
water-drop measurements, which showed
that that the contact angle of the insect’s legs
with water was 167.6!4.4° (Fig.1a,inset).

The contact angle of water made with the
cuticle wax secreted on a strider’s leg is about
105° (ref. 5), which is not enough to account
for its marked water repellence.Knowing that
microstructures on an object with low surface
energy can enhance its hydrophobicity6, we
investigated the physical features of the legs.

Scanning electronic micrographs revealed
numerous oriented setae on the legs.These are
needle-shaped, with diameters ranging from
3 micrometres down to several hundred
nanometres (Fig. 1b). Most setae are roughly
50 "m in length and arranged at an inclined
angle of about 20° from the surface of leg.
Many elaborate, nanoscale grooves are evi-
dent on each microseta, and these form a
unique hierarchical structure (Fig.1c).

According to Cassie’s law for surface wet-
tability, such microstructures can be regard-
ed as heterogeneous surfaces composed of
solid and air7. The apparent contact angle #l

of the legs is described by cos#l$f1cos#w%f2,
where f1 is the area fraction of microsetae
with nanogrooves, f2 is the area fraction of air
on the leg surface and #w is the contact angle
of the secreted wax. Using measured values
of #l and #w, we deduce from the equation
that the air fraction between the leg and the
water surface corresponds to f2$96.86%.
Available air is trapped in spaces in the
microsetae and nanogrooves to form a cush-
ion at the leg–water interface that prevents
the legs from being wetted.

This unique hierarchical micro- and
nanostructuring on the leg’s surface there-
fore seems to be responsible for its water
resistance and the strong supporting force.
This clever arrangement allows water strid-
ers to survive on water even if they are being
bombarded by raindrops, when they bounce
to avoid being drowned. Our discovery may
be helpful in the design of miniature aquatic
devices and non-wetting materials.
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Figure 1 The non-wetting leg of a water strider. a, Typical side

view of a maximal-depth dimple (4.38!0.02 mm) just before the

leg pierces the water surface. Inset, water droplet on a leg; this

makes a contact angle of 167.6!4.4°. b, c, Scanning electron

microscope images of a leg showing numerous oriented spindly

microsetae (b) and the fine nanoscale grooved structures on a

seta (c). Scale bars: b, 20 "m; c, 200 nm.

Biophysics

Water-repellent legs 
of water striders 

Water striders (Gerris remigis) have
remarkable non-wetting legs that
enable them to stand effortlessly and

move quickly on water, a feature believed to
be due to a surface-tension effect caused by
secreted wax1–3. We show here, however, that
it is the special hierarchical structure of the
legs, which are covered by large numbers of
oriented tiny hairs (microsetae) with fine
nanogrooves, that is more important in
inducing this water resistance.

We used a high-sensitivity balance system
to construct force–displacement curves for 
a water strider’s legs when pressing on the
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Key point: contact line length is increased but 
presence of nearby hairs causes mini-menisci to 
flatten (and hence provide less force)

Also allows us to understand floating of 
‘inverse Leidenfrost drops’ (water on 
liquid Nitrogen):



ROUGH SURFACES
Often think of surface tension as providing a force per 
unit length – does this explain why water walking 
insects have hairy legs?

Keller’s Theorem shows that this cannot be the case 
– a hairy surface does not significantly alter the 
volume of liquid displaced

dissolving lead shavings in vinegar8. Stannic
oxide would have been an acceptable substi-
tute,with supplies being available through the
Cornish tin industry. The Romano–British
chemists probably believed that they were
using a new source of cerussa, so confused
were their encyclopaedias in distinguishing
lead from tin.

None of the surviving Greco–Roman med-
ical corpora suggest that tin had pharmaceu-
tical value9.Although organic tin compounds
are now well known for their toxicological
properties,inorganic forms seem to be largely
inert10. Hence, unless SnO2 was added owing
to some hitherto unrecognized medicinal
attribute, we must conclude that its function
was solely as a pigment. The non-toxic prop-
erties of SnO2 would also have been desir-
able, because by the second century AD the
dangers of lead were becoming recognized9.
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water surface (for methods, see supplemen-
tary information). Surprisingly, the leg does
not pierce the water surface until a dimple of
4.38!0.02 mm depth is formed (Fig. 1a).
The maximal supporting force of a single leg
is 152 dynes (see supplementary informa-
tion),or about 15 times the total body weight
of the insect. The corresponding volume of
water ejected is roughly 300 times that of
the leg itself, indicating that its surface is
strikingly water repellent.

For comparison, we made a hydrophobic
‘leg’ from a smooth quartz fibre that was 
similar in shape and size to a strider’s leg. Its
surface was modified by a self-assembling
monolayer of low-surface-energy hepta-
decafluorodecyltrimethoxysilane (FAS-17),
which makes a contact angle of 109° with a
water droplet on a flat surface4. Water sup-
ports the artificial leg with a maximal force of
only 19.05 dynes (see supplementary infor-
mation), which is enough to support the
strider at rest but not to enable it to glide or
dart around rapidly on the surface.

This finding suggests that the force exerted
by the strider’s legs could be due to a ‘super-
hydrophobic’ effect (that is, the contact angle
with water would be greater than 150°). We
verified that this was indeed the case by sessile
water-drop measurements, which showed
that that the contact angle of the insect’s legs
with water was 167.6!4.4° (Fig.1a,inset).

The contact angle of water made with the
cuticle wax secreted on a strider’s leg is about
105° (ref. 5), which is not enough to account
for its marked water repellence.Knowing that
microstructures on an object with low surface
energy can enhance its hydrophobicity6, we
investigated the physical features of the legs.

Scanning electronic micrographs revealed
numerous oriented setae on the legs.These are
needle-shaped, with diameters ranging from
3 micrometres down to several hundred
nanometres (Fig. 1b). Most setae are roughly
50 "m in length and arranged at an inclined
angle of about 20° from the surface of leg.
Many elaborate, nanoscale grooves are evi-
dent on each microseta, and these form a
unique hierarchical structure (Fig.1c).

According to Cassie’s law for surface wet-
tability, such microstructures can be regard-
ed as heterogeneous surfaces composed of
solid and air7. The apparent contact angle #l

of the legs is described by cos#l$f1cos#w%f2,
where f1 is the area fraction of microsetae
with nanogrooves, f2 is the area fraction of air
on the leg surface and #w is the contact angle
of the secreted wax. Using measured values
of #l and #w, we deduce from the equation
that the air fraction between the leg and the
water surface corresponds to f2$96.86%.
Available air is trapped in spaces in the
microsetae and nanogrooves to form a cush-
ion at the leg–water interface that prevents
the legs from being wetted.

This unique hierarchical micro- and
nanostructuring on the leg’s surface there-
fore seems to be responsible for its water
resistance and the strong supporting force.
This clever arrangement allows water strid-
ers to survive on water even if they are being
bombarded by raindrops, when they bounce
to avoid being drowned. Our discovery may
be helpful in the design of miniature aquatic
devices and non-wetting materials.
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Figure 1 The non-wetting leg of a water strider. a, Typical side

view of a maximal-depth dimple (4.38!0.02 mm) just before the

leg pierces the water surface. Inset, water droplet on a leg; this

makes a contact angle of 167.6!4.4°. b, c, Scanning electron

microscope images of a leg showing numerous oriented spindly

microsetae (b) and the fine nanoscale grooved structures on a

seta (c). Scale bars: b, 20 "m; c, 200 nm.

Biophysics

Water-repellent legs 
of water striders 

Water striders (Gerris remigis) have
remarkable non-wetting legs that
enable them to stand effortlessly and

move quickly on water, a feature believed to
be due to a surface-tension effect caused by
secreted wax1–3. We show here, however, that
it is the special hierarchical structure of the
legs, which are covered by large numbers of
oriented tiny hairs (microsetae) with fine
nanogrooves, that is more important in
inducing this water resistance.

We used a high-sensitivity balance system
to construct force–displacement curves for 
a water strider’s legs when pressing on the
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Key point: contact line length is increased but 
presence of nearby hairs causes mini-menisci to 
flatten (and hence provide less force)

Also allows us to understand floating of 
‘inverse Leidenfrost drops’ (water on 
liquid Nitrogen):
• While levitating, drop is 

effectively non-wetting sphere



ROUGH SURFACES
Often think of surface tension as providing a force per 
unit length – does this explain why water walking 
insects have hairy legs?

Keller’s Theorem shows that this cannot be the case 
– a hairy surface does not significantly alter the 
volume of liquid displaced

dissolving lead shavings in vinegar8. Stannic
oxide would have been an acceptable substi-
tute,with supplies being available through the
Cornish tin industry. The Romano–British
chemists probably believed that they were
using a new source of cerussa, so confused
were their encyclopaedias in distinguishing
lead from tin.

None of the surviving Greco–Roman med-
ical corpora suggest that tin had pharmaceu-
tical value9.Although organic tin compounds
are now well known for their toxicological
properties,inorganic forms seem to be largely
inert10. Hence, unless SnO2 was added owing
to some hitherto unrecognized medicinal
attribute, we must conclude that its function
was solely as a pigment. The non-toxic prop-
erties of SnO2 would also have been desir-
able, because by the second century AD the
dangers of lead were becoming recognized9.
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water surface (for methods, see supplemen-
tary information). Surprisingly, the leg does
not pierce the water surface until a dimple of
4.38!0.02 mm depth is formed (Fig. 1a).
The maximal supporting force of a single leg
is 152 dynes (see supplementary informa-
tion),or about 15 times the total body weight
of the insect. The corresponding volume of
water ejected is roughly 300 times that of
the leg itself, indicating that its surface is
strikingly water repellent.

For comparison, we made a hydrophobic
‘leg’ from a smooth quartz fibre that was 
similar in shape and size to a strider’s leg. Its
surface was modified by a self-assembling
monolayer of low-surface-energy hepta-
decafluorodecyltrimethoxysilane (FAS-17),
which makes a contact angle of 109° with a
water droplet on a flat surface4. Water sup-
ports the artificial leg with a maximal force of
only 19.05 dynes (see supplementary infor-
mation), which is enough to support the
strider at rest but not to enable it to glide or
dart around rapidly on the surface.

This finding suggests that the force exerted
by the strider’s legs could be due to a ‘super-
hydrophobic’ effect (that is, the contact angle
with water would be greater than 150°). We
verified that this was indeed the case by sessile
water-drop measurements, which showed
that that the contact angle of the insect’s legs
with water was 167.6!4.4° (Fig.1a,inset).

The contact angle of water made with the
cuticle wax secreted on a strider’s leg is about
105° (ref. 5), which is not enough to account
for its marked water repellence.Knowing that
microstructures on an object with low surface
energy can enhance its hydrophobicity6, we
investigated the physical features of the legs.

Scanning electronic micrographs revealed
numerous oriented setae on the legs.These are
needle-shaped, with diameters ranging from
3 micrometres down to several hundred
nanometres (Fig. 1b). Most setae are roughly
50 "m in length and arranged at an inclined
angle of about 20° from the surface of leg.
Many elaborate, nanoscale grooves are evi-
dent on each microseta, and these form a
unique hierarchical structure (Fig.1c).

According to Cassie’s law for surface wet-
tability, such microstructures can be regard-
ed as heterogeneous surfaces composed of
solid and air7. The apparent contact angle #l

of the legs is described by cos#l$f1cos#w%f2,
where f1 is the area fraction of microsetae
with nanogrooves, f2 is the area fraction of air
on the leg surface and #w is the contact angle
of the secreted wax. Using measured values
of #l and #w, we deduce from the equation
that the air fraction between the leg and the
water surface corresponds to f2$96.86%.
Available air is trapped in spaces in the
microsetae and nanogrooves to form a cush-
ion at the leg–water interface that prevents
the legs from being wetted.

This unique hierarchical micro- and
nanostructuring on the leg’s surface there-
fore seems to be responsible for its water
resistance and the strong supporting force.
This clever arrangement allows water strid-
ers to survive on water even if they are being
bombarded by raindrops, when they bounce
to avoid being drowned. Our discovery may
be helpful in the design of miniature aquatic
devices and non-wetting materials.
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Figure 1 The non-wetting leg of a water strider. a, Typical side

view of a maximal-depth dimple (4.38!0.02 mm) just before the

leg pierces the water surface. Inset, water droplet on a leg; this

makes a contact angle of 167.6!4.4°. b, c, Scanning electron

microscope images of a leg showing numerous oriented spindly

microsetae (b) and the fine nanoscale grooved structures on a

seta (c). Scale bars: b, 20 "m; c, 200 nm.

Biophysics

Water-repellent legs 
of water striders 

Water striders (Gerris remigis) have
remarkable non-wetting legs that
enable them to stand effortlessly and

move quickly on water, a feature believed to
be due to a surface-tension effect caused by
secreted wax1–3. We show here, however, that
it is the special hierarchical structure of the
legs, which are covered by large numbers of
oriented tiny hairs (microsetae) with fine
nanogrooves, that is more important in
inducing this water resistance.

We used a high-sensitivity balance system
to construct force–displacement curves for 
a water strider’s legs when pressing on the
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Key point: contact line length is increased but 
presence of nearby hairs causes mini-menisci to 
flatten (and hence provide less force)

Also allows us to understand floating of 
‘inverse Leidenfrost drops’ (water on 
liquid Nitrogen):

• Once frozen, stops levitating and 
roughness causes sinking

• While levitating, drop is 
effectively non-wetting sphere



A SIMPLE APPLICATION
The static meniscus around a small vertical cylinder 
can be understood using Keller’s Theorem too
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matched asymptotic analysis of the Laplace–Young 
equation to find meniscus height    

(see e.g. James 1974, Lo 1983).
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Far away from the cylinder, find the linearized 
Laplace-Young equation
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For small cylinders,                         , can perform 
matched asymptotic analysis of the Laplace–Young 
equation to find meniscus height    

(see e.g. James 1974, Lo 1983).
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Balancing weight of liquid displaced in outer meniscus with vertical force from surface 
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A SECOND PROBLEM

Keller & Miksis (KM83) consider inviscid retraction of fluid wedge due to surface tension



A SECOND PROBLEM

Keller & Miksis (KM83) consider inviscid retraction of fluid wedge due to surface tension

KM83 has been very influential in drop breakup (though only studied 2D)



ANOTHER RELATED PROBLEM
Analysis performed by KM83 also describes the 
early stages of meniscus onset

Keller & Miksis calculated similarity solutions for the 
interface shape with different contact angles
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Clanet & Quéré (2002) studied ‘onset’ 
of menisci on cylinders of various radii

Key question is: How does meniscus 
height evolve with time?
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ANOTHER RELATED PROBLEM
Analysis performed by KM83 also describes the 
early stages of meniscus onset

Keller & Miksis calculated similarity solutions for the 
interface shape with different contact angles
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duration ≃ 1 s

Clanet & Quéré (2002) studied ‘onset’ 
of menisci on cylinders of various radii

Key question is: How does meniscus 
height evolve with time?

KM83 analysis is relevant to high Reynolds 
(or Kapitsa) number and large cylinders
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PLANES/LARGE CYLINDERS
‘Large’ cylinders are effectively planar – consider how meniscus rises up a wall

Newton II:

Inertial meniscus rise

(a) (b) (c)
R

FIGURE 1. (a) Images from experiments reported by Clanet & Quéré (2002). Here, a
fibre of radius R = 0.225 mm touches the interface between air and hexane at t = 0 and
a meniscus rises around it. (Images courtesy of Christophe Clanet.) Sketches showing the
essential ingredients for determining the scaling of meniscus height h

m

with time t are
shown for the cases of (b) rise next to a vertical wall and (c) rise outside a circular
cylinder. The scaling laws for h

m

(t) are found by balancing the force due to the interfacial
tension, �

lv , with the rate of change of momentum of the meniscus. For details, see text.

2.1. Scalings for the dynamics of inertial rise

Motivated by their experimental observations, CQ assumed that the contact angle of
the liquid on the wetted body, ✓ in figure 1(b,c), is approximately constant during
the motion. Using this assumption, they presented scaling analyses for the inertia-
dominated dynamics in two particular geometries: (i) a meniscus next to a planar wall
(illustrated schematically in figure 1b) and (ii) a meniscus outside a vertical cylinder
(illustrated schematically in figure 1c). It is the latter case that is of primary interest
here, but we consider the former case first for pedagogical reasons.

Following CQ, we consider the force balance on a two-dimensional meniscus of
unit width (into the page): the vertical force driving the capillary rise is that from
surface tension, �

lv cos ✓ , while the inertia of the meniscus resists rise. Since the mass
of the meniscus is not constant (m ⇠ ⇢`hm

2 by the assumption of a constant contact
angle), Newton’s second law implies that �

lv cos ✓ ⇠ d(mḣ

m

)/dt. In scaling terms this
immediately yields

h

m

⇠ (�
lv/⇢`)

1/3
t

2/3. (2.1)

This is the well known capillary–inertia scaling first found by Keller & Miksis (1983).
In the case of an axisymmetric meniscus rising outside a circular cylinder, CQ

follow an argument along the same lines. Because of the finite radius of the cylinder,
however, the force from surface tension is now �

lvR cos ✓ , while the mass of the
meniscus is m ⇠ ⇢`hm

⇥ h

m

(R + h

m

). Assuming that h

m

� R and making use of
Newton’s second law again, we find

h

m

⇠ (�
lvR/⇢`)

1/4
t

1/2. (2.2)

While the form of the t

1/2 scaling in (2.2) may be familiar from the problem of
the surface-tension-driven coalescence of two liquid drops of radius R (see Duchemin,
Eggers & Josserand 2003, for example), there is no clear analogy between the two
problems. Indeed, in wedge retraction problems, the t

2/3 scaling of (2.1) is almost
generic and so the scaling (2.2) represents a novel twist. However, it is vital to note
that a key step in the derivation of (2.2) is the simplifying assumption (made only
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This is the classic “Keller & Miksis scaling”
(though their calculation also provides the pre-factor)
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of the meniscus is not constant (m ⇠ ⇢`hm

2 by the assumption of a constant contact
angle), Newton’s second law implies that �

lv cos ✓ ⇠ d(mḣ

m

)/dt. In scaling terms this
immediately yields
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2/3. (2.1)

This is the well known capillary–inertia scaling first found by Keller & Miksis (1983).
In the case of an axisymmetric meniscus rising outside a circular cylinder, CQ

follow an argument along the same lines. Because of the finite radius of the cylinder,
however, the force from surface tension is now �

lvR cos ✓ , while the mass of the
meniscus is m ⇠ ⇢`hm

⇥ h

m

(R + h

m

). Assuming that h

m

� R and making use of
Newton’s second law again, we find
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1/2. (2.2)

While the form of the t

1/2 scaling in (2.2) may be familiar from the problem of
the surface-tension-driven coalescence of two liquid drops of radius R (see Duchemin,
Eggers & Josserand 2003, for example), there is no clear analogy between the two
problems. Indeed, in wedge retraction problems, the t

2/3 scaling of (2.1) is almost
generic and so the scaling (2.2) represents a novel twist. However, it is vital to note
that a key step in the derivation of (2.2) is the simplifying assumption (made only
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SMALL CYLINDERS
Clanet & Quéré repeat the same scaling argument, but with a finite radius cylinder:

Inertial meniscus rise
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FIGURE 1. (a) Images from experiments reported by Clanet & Quéré (2002). Here, a
fibre of radius R = 0.225 mm touches the interface between air and hexane at t = 0 and
a meniscus rises around it. (Images courtesy of Christophe Clanet.) Sketches showing the
essential ingredients for determining the scaling of meniscus height h

m

with time t are
shown for the cases of (b) rise next to a vertical wall and (c) rise outside a circular
cylinder. The scaling laws for h

m

(t) are found by balancing the force due to the interfacial
tension, �

lv , with the rate of change of momentum of the meniscus. For details, see text.

2.1. Scalings for the dynamics of inertial rise

Motivated by their experimental observations, CQ assumed that the contact angle of
the liquid on the wetted body, ✓ in figure 1(b,c), is approximately constant during
the motion. Using this assumption, they presented scaling analyses for the inertia-
dominated dynamics in two particular geometries: (i) a meniscus next to a planar wall
(illustrated schematically in figure 1b) and (ii) a meniscus outside a vertical cylinder
(illustrated schematically in figure 1c). It is the latter case that is of primary interest
here, but we consider the former case first for pedagogical reasons.

Following CQ, we consider the force balance on a two-dimensional meniscus of
unit width (into the page): the vertical force driving the capillary rise is that from
surface tension, �

lv cos ✓ , while the inertia of the meniscus resists rise. Since the mass
of the meniscus is not constant (m ⇠ ⇢`hm

2 by the assumption of a constant contact
angle), Newton’s second law implies that �

lv cos ✓ ⇠ d(mḣ
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)/dt. In scaling terms this
immediately yields
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This is the well known capillary–inertia scaling first found by Keller & Miksis (1983).
In the case of an axisymmetric meniscus rising outside a circular cylinder, CQ

follow an argument along the same lines. Because of the finite radius of the cylinder,
however, the force from surface tension is now �

lvR cos ✓ , while the mass of the
meniscus is m ⇠ ⇢`hm
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). Assuming that h
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� R and making use of
Newton’s second law again, we find
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1/4
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1/2. (2.2)

While the form of the t

1/2 scaling in (2.2) may be familiar from the problem of
the surface-tension-driven coalescence of two liquid drops of radius R (see Duchemin,
Eggers & Josserand 2003, for example), there is no clear analogy between the two
problems. Indeed, in wedge retraction problems, the t

2/3 scaling of (2.1) is almost
generic and so the scaling (2.2) represents a novel twist. However, it is vital to note
that a key step in the derivation of (2.2) is the simplifying assumption (made only
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FIGURE 1. (a) Images from experiments reported by Clanet & Quéré (2002). Here, a
fibre of radius R = 0.225 mm touches the interface between air and hexane at t = 0 and
a meniscus rises around it. (Images courtesy of Christophe Clanet.) Sketches showing the
essential ingredients for determining the scaling of meniscus height h

m

with time t are
shown for the cases of (b) rise next to a vertical wall and (c) rise outside a circular
cylinder. The scaling laws for h

m

(t) are found by balancing the force due to the interfacial
tension, �

lv , with the rate of change of momentum of the meniscus. For details, see text.

2.1. Scalings for the dynamics of inertial rise

Motivated by their experimental observations, CQ assumed that the contact angle of
the liquid on the wetted body, ✓ in figure 1(b,c), is approximately constant during
the motion. Using this assumption, they presented scaling analyses for the inertia-
dominated dynamics in two particular geometries: (i) a meniscus next to a planar wall
(illustrated schematically in figure 1b) and (ii) a meniscus outside a vertical cylinder
(illustrated schematically in figure 1c). It is the latter case that is of primary interest
here, but we consider the former case first for pedagogical reasons.

Following CQ, we consider the force balance on a two-dimensional meniscus of
unit width (into the page): the vertical force driving the capillary rise is that from
surface tension, �

lv cos ✓ , while the inertia of the meniscus resists rise. Since the mass
of the meniscus is not constant (m ⇠ ⇢`hm

2 by the assumption of a constant contact
angle), Newton’s second law implies that �

lv cos ✓ ⇠ d(mḣ
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)/dt. In scaling terms this
immediately yields
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2/3. (2.1)

This is the well known capillary–inertia scaling first found by Keller & Miksis (1983).
In the case of an axisymmetric meniscus rising outside a circular cylinder, CQ

follow an argument along the same lines. Because of the finite radius of the cylinder,
however, the force from surface tension is now �

lvR cos ✓ , while the mass of the
meniscus is m ⇠ ⇢`hm
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(R + h
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). Assuming that h
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� R and making use of
Newton’s second law again, we find
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1/4
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1/2. (2.2)

While the form of the t

1/2 scaling in (2.2) may be familiar from the problem of
the surface-tension-driven coalescence of two liquid drops of radius R (see Duchemin,
Eggers & Josserand 2003, for example), there is no clear analogy between the two
problems. Indeed, in wedge retraction problems, the t

2/3 scaling of (2.1) is almost
generic and so the scaling (2.2) represents a novel twist. However, it is vital to note
that a key step in the derivation of (2.2) is the simplifying assumption (made only
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FIGURE 4. The utility of the family of similarity solutions for understanding experimental
results (captured from figure 16 of CQ). (a) Experimental results (points) and the results
of the full numerical simulations with ✏ = 10�5, ✓ = 13� (solid curve) may be collapsed
onto a master curve by using the similarity rescaling (5.1). (b) A plot of the same data
points as in (a) but in the rescaling suggested by (2.2) shows good initial collapse that
breaks down later on.

to enable us to start with R = 1 we use the substitution S = 1/R starting with
S = 0 and solving the resulting problem using first-order finite differences on a
rectangular grid in the spatial variables ⇢ and ⇣ . We then step forward to consider
S > 0, using second-order differences in S .) The solution of this linearized problem
can be rescaled to give the results for any contact angle close to ✓ = p/2. The results
of this calculation agree well with the results of our full numerical simulations for
✓ = 85� (see figure 3c). Again, we do not see any indication that a scaling of the
form (5.8) is present.

6. Conclusions

We have presented a fluid-mechanical model for the inertial growth of a meniscus
external to a circular cylinder. Our potential flow model with a constant contact
angle is able to quantitatively reproduce previously published experimental data (CQ)
for a range of cylinder radii. We have assumed that inertia dominates viscosity and,
further, that the dynamic contact angle is equal to the static contact angle throughout
the motion. In reality these assumptions must break down at the very earliest times:
according to the similarity solution the viscous dissipation u

xx

/Re ⇠ t

�5/3/Re will, in
fact, dominate the inertial terms u

t

, uu

x

⇠ t

�4/3 for t . Re

�3 ⇠ 10�8 (corresponding to
t . 10�10 s in dimensional terms). Similarly, the undeformed interface must first react
to the touch down of the cylinder. After these earliest transients, but with t . ✏3/2,
the meniscus height grows like t

2/3 – the radius of the cylinder does not play a role
and the problem reduces to the two-dimensional one studied by Keller & Miksis
(1983). At later times the evolution of the meniscus height with time is governed
by a family of similarity solutions parametrized by the rescaled cylinder radius
R = ✏/t

2/3 = R

⇥
⇢`/(�lvt

2)
⇤1/3, provided that t ⌧ 1 (so that gravity may be neglected).

The introduction of the parameter R allows us to collapse previous experimental data
for the meniscus height with different cylinder radii onto a master curve.

Our analysis suggests that the scaling law (2.2) proposed by CQ rests on an implicit
assumption (that h

m

� R) that is not consistent with the behaviour of menisci growing
in the presence of gravity. (We emphasize that this inconsistency occurs only in the
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The equilibrium shape of a meniscus is governed by the Laplace–Young equation,
which arises from a balance between hydrostatic pressure and the normal pressure
jump caused by the curvature of the interface (Finn 1986; de Gennes, Brochard-Wyart
& Quéré 2003). In two dimensions, this equation can be solved analytically to
describe the meniscus formed when a vertical plane pierces the interface (Landau &
Lifshitz 1987). In other geometries, however, the problem becomes significantly more
involved. For example, even the meniscus around a vertical circular cylinder is not
known analytically, although asymptotic results in the limit of small cylinder radius
are known (James 1974; Lo 1983).

While the question of what shape a static meniscus takes has been well studied,
the question of how an initially flat interface deforms to form such a meniscus
has been neglected in comparison. An exception to this is the case of capillary rise
within a cylindrical tube, which was studied first by Washburn (1921). In the simplest
cases, the meniscus height grows diffusively, h

m

⇠ t

1/2, at early times, but variants of
Washburn’s scaling have been obtained in a range of geometries (see Reyssat et al.

2008; Ponomarenko, Quéré & Clanet 2011, for example). However, these studies have
largely been confined to the case of slow viscous flows and so are not applicable to
very early times (where they predict that the speed becomes arbitrarily large) or to
inviscid liquids; in both of these cases inertial effects become important (Quéré 1997).

Clanet & Quéré (2002) (CQ) reported a comprehensive study of the dynamic growth
of the meniscus outside a vertical cylinder. They performed a series of experiments
in which a vertical cylinder of radius R was gently touched onto the interface
between air and a liquid with surface tension �

lv, density ⇢` and kinematic viscosity
⌫ (see figure 1a). The motion by which the initially flat interface transformed to an
equilibrium meniscus was characterized using two dimensionless parameters: the size
of the cylinder

✏ = R/`
c

, (1.1)
where `

c

= (�
lv/⇢`g)1/2 is the capillary length, and the Kapitsa number

Ka = [�
lv/(⇢

3
` ⌫

4
g)]1/4, (1.2)

(with g the acceleration due to gravity) which is the characteristic Reynolds number,
Re, of capillary–gravity waves. CQ performed careful experiments in each of the
four asymptotic regimes that result from this two-dimensional parameter space and
determined scaling laws for the growth of the meniscus height, h

m

, with time t after
the cylinder touches the interface.

In the limit Ka � 1 (equivalent to high Re) and large cylinders, ✏ � 1, the problem
of the growth of a meniscus is mathematically equivalent to the retraction of a two-
dimensional wedge of fluid with a fixed contact angle. This problem was first studied
by Keller & Miksis (1983) but is important in the coalescence of drops and, as such,
has continued to generate interest (see Thompson & Billingham 2012, for a review of
the literature). Previous studies of axisymmetric geometries have focused on a fixed
wedge angle in the far field (Leppinen & Lister 2003; Sierou & Lister 2004). In this
paper, we focus on the case of inviscid motion, Ka � 1, and small cylinders, ✏ ⌧ 1,
with a fixed contact angle ✓ at the cylinder wall. To the best of our knowledge, this
does not have a direct analogue in the literature on coalescence and breakup of drops.

2. Previous results

Before developing our own model of the inertial capillary rise around a small
cylinder, we summarize existing results for this problem. We begin with the scaling
laws given by CQ for the evolution of the meniscus height h

m

(t).
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FIGURE 1. (a) Images from experiments reported by Clanet & Quéré (2002). Here, a
fibre of radius R = 0.225 mm touches the interface between air and hexane at t = 0 and
a meniscus rises around it. (Images courtesy of Christophe Clanet.) Sketches showing the
essential ingredients for determining the scaling of meniscus height h

m

with time t are
shown for the cases of (b) rise next to a vertical wall and (c) rise outside a circular
cylinder. The scaling laws for h

m

(t) are found by balancing the force due to the interfacial
tension, �

lv , with the rate of change of momentum of the meniscus. For details, see text.

2.1. Scalings for the dynamics of inertial rise

Motivated by their experimental observations, CQ assumed that the contact angle of
the liquid on the wetted body, ✓ in figure 1(b,c), is approximately constant during
the motion. Using this assumption, they presented scaling analyses for the inertia-
dominated dynamics in two particular geometries: (i) a meniscus next to a planar wall
(illustrated schematically in figure 1b) and (ii) a meniscus outside a vertical cylinder
(illustrated schematically in figure 1c). It is the latter case that is of primary interest
here, but we consider the former case first for pedagogical reasons.

Following CQ, we consider the force balance on a two-dimensional meniscus of
unit width (into the page): the vertical force driving the capillary rise is that from
surface tension, �

lv cos ✓ , while the inertia of the meniscus resists rise. Since the mass
of the meniscus is not constant (m ⇠ ⇢`hm

2 by the assumption of a constant contact
angle), Newton’s second law implies that �

lv cos ✓ ⇠ d(mḣ

m

)/dt. In scaling terms this
immediately yields

h

m

⇠ (�
lv/⇢`)

1/3
t

2/3. (2.1)

This is the well known capillary–inertia scaling first found by Keller & Miksis (1983).
In the case of an axisymmetric meniscus rising outside a circular cylinder, CQ

follow an argument along the same lines. Because of the finite radius of the cylinder,
however, the force from surface tension is now �

lvR cos ✓ , while the mass of the
meniscus is m ⇠ ⇢`hm

⇥ h

m

(R + h

m

). Assuming that h

m

� R and making use of
Newton’s second law again, we find

h

m

⇠ (�
lvR/⇢`)

1/4
t

1/2. (2.2)

While the form of the t

1/2 scaling in (2.2) may be familiar from the problem of
the surface-tension-driven coalescence of two liquid drops of radius R (see Duchemin,
Eggers & Josserand 2003, for example), there is no clear analogy between the two
problems. Indeed, in wedge retraction problems, the t

2/3 scaling of (2.1) is almost
generic and so the scaling (2.2) represents a novel twist. However, it is vital to note
that a key step in the derivation of (2.2) is the simplifying assumption (made only
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FIGURE 4. The utility of the family of similarity solutions for understanding experimental
results (captured from figure 16 of CQ). (a) Experimental results (points) and the results
of the full numerical simulations with ✏ = 10�5, ✓ = 13� (solid curve) may be collapsed
onto a master curve by using the similarity rescaling (5.1). (b) A plot of the same data
points as in (a) but in the rescaling suggested by (2.2) shows good initial collapse that
breaks down later on.

to enable us to start with R = 1 we use the substitution S = 1/R starting with
S = 0 and solving the resulting problem using first-order finite differences on a
rectangular grid in the spatial variables ⇢ and ⇣ . We then step forward to consider
S > 0, using second-order differences in S .) The solution of this linearized problem
can be rescaled to give the results for any contact angle close to ✓ = p/2. The results
of this calculation agree well with the results of our full numerical simulations for
✓ = 85� (see figure 3c). Again, we do not see any indication that a scaling of the
form (5.8) is present.

6. Conclusions

We have presented a fluid-mechanical model for the inertial growth of a meniscus
external to a circular cylinder. Our potential flow model with a constant contact
angle is able to quantitatively reproduce previously published experimental data (CQ)
for a range of cylinder radii. We have assumed that inertia dominates viscosity and,
further, that the dynamic contact angle is equal to the static contact angle throughout
the motion. In reality these assumptions must break down at the very earliest times:
according to the similarity solution the viscous dissipation u

xx

/Re ⇠ t

�5/3/Re will, in
fact, dominate the inertial terms u

t

, uu

x

⇠ t

�4/3 for t . Re

�3 ⇠ 10�8 (corresponding to
t . 10�10 s in dimensional terms). Similarly, the undeformed interface must first react
to the touch down of the cylinder. After these earliest transients, but with t . ✏3/2,
the meniscus height grows like t

2/3 – the radius of the cylinder does not play a role
and the problem reduces to the two-dimensional one studied by Keller & Miksis
(1983). At later times the evolution of the meniscus height with time is governed
by a family of similarity solutions parametrized by the rescaled cylinder radius
R = ✏/t

2/3 = R

⇥
⇢`/(�lvt

2)
⇤1/3, provided that t ⌧ 1 (so that gravity may be neglected).

The introduction of the parameter R allows us to collapse previous experimental data
for the meniscus height with different cylinder radii onto a master curve.

Our analysis suggests that the scaling law (2.2) proposed by CQ rests on an implicit
assumption (that h

m

� R) that is not consistent with the behaviour of menisci growing
in the presence of gravity. (We emphasize that this inconsistency occurs only in the
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The equilibrium shape of a meniscus is governed by the Laplace–Young equation,
which arises from a balance between hydrostatic pressure and the normal pressure
jump caused by the curvature of the interface (Finn 1986; de Gennes, Brochard-Wyart
& Quéré 2003). In two dimensions, this equation can be solved analytically to
describe the meniscus formed when a vertical plane pierces the interface (Landau &
Lifshitz 1987). In other geometries, however, the problem becomes significantly more
involved. For example, even the meniscus around a vertical circular cylinder is not
known analytically, although asymptotic results in the limit of small cylinder radius
are known (James 1974; Lo 1983).

While the question of what shape a static meniscus takes has been well studied,
the question of how an initially flat interface deforms to form such a meniscus
has been neglected in comparison. An exception to this is the case of capillary rise
within a cylindrical tube, which was studied first by Washburn (1921). In the simplest
cases, the meniscus height grows diffusively, h

m

⇠ t

1/2, at early times, but variants of
Washburn’s scaling have been obtained in a range of geometries (see Reyssat et al.

2008; Ponomarenko, Quéré & Clanet 2011, for example). However, these studies have
largely been confined to the case of slow viscous flows and so are not applicable to
very early times (where they predict that the speed becomes arbitrarily large) or to
inviscid liquids; in both of these cases inertial effects become important (Quéré 1997).

Clanet & Quéré (2002) (CQ) reported a comprehensive study of the dynamic growth
of the meniscus outside a vertical cylinder. They performed a series of experiments
in which a vertical cylinder of radius R was gently touched onto the interface
between air and a liquid with surface tension �

lv, density ⇢` and kinematic viscosity
⌫ (see figure 1a). The motion by which the initially flat interface transformed to an
equilibrium meniscus was characterized using two dimensionless parameters: the size
of the cylinder

✏ = R/`
c

, (1.1)
where `

c

= (�
lv/⇢`g)1/2 is the capillary length, and the Kapitsa number

Ka = [�
lv/(⇢

3
` ⌫

4
g)]1/4, (1.2)

(with g the acceleration due to gravity) which is the characteristic Reynolds number,
Re, of capillary–gravity waves. CQ performed careful experiments in each of the
four asymptotic regimes that result from this two-dimensional parameter space and
determined scaling laws for the growth of the meniscus height, h

m

, with time t after
the cylinder touches the interface.

In the limit Ka � 1 (equivalent to high Re) and large cylinders, ✏ � 1, the problem
of the growth of a meniscus is mathematically equivalent to the retraction of a two-
dimensional wedge of fluid with a fixed contact angle. This problem was first studied
by Keller & Miksis (1983) but is important in the coalescence of drops and, as such,
has continued to generate interest (see Thompson & Billingham 2012, for a review of
the literature). Previous studies of axisymmetric geometries have focused on a fixed
wedge angle in the far field (Leppinen & Lister 2003; Sierou & Lister 2004). In this
paper, we focus on the case of inviscid motion, Ka � 1, and small cylinders, ✏ ⌧ 1,
with a fixed contact angle ✓ at the cylinder wall. To the best of our knowledge, this
does not have a direct analogue in the literature on coalescence and breakup of drops.

2. Previous results

Before developing our own model of the inertial capillary rise around a small
cylinder, we summarize existing results for this problem. We begin with the scaling
laws given by CQ for the evolution of the meniscus height h

m

(t).
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FIGURE 1. (a) Images from experiments reported by Clanet & Quéré (2002). Here, a
fibre of radius R = 0.225 mm touches the interface between air and hexane at t = 0 and
a meniscus rises around it. (Images courtesy of Christophe Clanet.) Sketches showing the
essential ingredients for determining the scaling of meniscus height h

m

with time t are
shown for the cases of (b) rise next to a vertical wall and (c) rise outside a circular
cylinder. The scaling laws for h

m

(t) are found by balancing the force due to the interfacial
tension, �

lv , with the rate of change of momentum of the meniscus. For details, see text.

2.1. Scalings for the dynamics of inertial rise

Motivated by their experimental observations, CQ assumed that the contact angle of
the liquid on the wetted body, ✓ in figure 1(b,c), is approximately constant during
the motion. Using this assumption, they presented scaling analyses for the inertia-
dominated dynamics in two particular geometries: (i) a meniscus next to a planar wall
(illustrated schematically in figure 1b) and (ii) a meniscus outside a vertical cylinder
(illustrated schematically in figure 1c). It is the latter case that is of primary interest
here, but we consider the former case first for pedagogical reasons.

Following CQ, we consider the force balance on a two-dimensional meniscus of
unit width (into the page): the vertical force driving the capillary rise is that from
surface tension, �

lv cos ✓ , while the inertia of the meniscus resists rise. Since the mass
of the meniscus is not constant (m ⇠ ⇢`hm

2 by the assumption of a constant contact
angle), Newton’s second law implies that �

lv cos ✓ ⇠ d(mḣ

m

)/dt. In scaling terms this
immediately yields

h
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⇠ (�
lv/⇢`)

1/3
t

2/3. (2.1)

This is the well known capillary–inertia scaling first found by Keller & Miksis (1983).
In the case of an axisymmetric meniscus rising outside a circular cylinder, CQ

follow an argument along the same lines. Because of the finite radius of the cylinder,
however, the force from surface tension is now �

lvR cos ✓ , while the mass of the
meniscus is m ⇠ ⇢`hm

⇥ h

m

(R + h

m

). Assuming that h

m

� R and making use of
Newton’s second law again, we find

h
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⇠ (�
lvR/⇢`)

1/4
t

1/2. (2.2)

While the form of the t

1/2 scaling in (2.2) may be familiar from the problem of
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fibre of radius R = 0.225 mm touches the interface between air and hexane at t = 0 and
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with time t are
shown for the cases of (b) rise next to a vertical wall and (c) rise outside a circular
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(t) are found by balancing the force due to the interfacial
tension, �

lv , with the rate of change of momentum of the meniscus. For details, see text.

2.1. Scalings for the dynamics of inertial rise

Motivated by their experimental observations, CQ assumed that the contact angle of
the liquid on the wetted body, ✓ in figure 1(b,c), is approximately constant during
the motion. Using this assumption, they presented scaling analyses for the inertia-
dominated dynamics in two particular geometries: (i) a meniscus next to a planar wall
(illustrated schematically in figure 1b) and (ii) a meniscus outside a vertical cylinder
(illustrated schematically in figure 1c). It is the latter case that is of primary interest
here, but we consider the former case first for pedagogical reasons.
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WHAT REALLY HAPPENS?
To provide more complete data (early times) use numerical simulations
Assume:

•  Large Reynolds number (inertia dominated)
•  Contact angle is constant and equal to measured equilibrium valueD. O’Kiely, J. P. Whiteley, J. M. Oliver and D. Vella
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FIGURE 2. Numerical results for the evolution of the meniscus height, h

m

= h(✏, t), for
cylinders of different radius, ✏ = R/`

c

, all with contact angle ✓ = 13�. (a) Numerical
results for ✏ = 0.15 (blue curve) and ✏ = 0.037 (red curve) compare favourably with the
experimental results of CQ with ✏ = 0.153 (blue squares) and ✏ = 0.037 (red circles)
respectively. (b) Numerical results for ✏ = 10�5 (red), ✏ = 10�4 (green) and ✏ = 10�3 (blue)
show that the classic scaling law h

m

⇠ t

2/3 is observed at early times but not the CQ
scaling h

m

⇠ t

1/2. Dashed lines show the equilibrium rise height, h

1
m

, for each value of ✏.
(Here, lengths are non-dimensionalized by `

c

and times by t

c

= (`
c

/g)1/2.)

by, for example, (h(n)(r) � h

(n�1)(r))/(t
n

� t

n�1). The solution for both h

(n) and �(n) at
each time step was obtained through a coupled approximation of the partial differential
equations satisfied by these variables. A mesh of quadrilateral elements was used,
and this mesh was updated at each time step to take account of the evolution in
the computational domain as h(r, t) varies. The mesh was generated with a higher
density of nodes in the region around z = h(r, t), r = ✏. Both the nodal spacing of the
mesh and the time step were reduced until the results (presented later) were visually
indistinguishable from those generated using a finer mesh and a shorter time step.

4. Numerical results

To arrive at the model problem given by (3.2)–(3.7) we have made a number of
simplifying assumptions. Most notable among these are (i) that the contact angle is
constant throughout the motion, (ii) that the meniscus motion as a cylinder touches the
interface should be similar to that caused by a cylinder that instantaneously appears
in the volume r < ✏, �1 < z < 1 and (iii) that the fluid motion is described by
a velocity potential. To test whether these assumptions are reasonable in a model of
the onset of menisci, we now compare the results of our numerical simulations with
experimental results (digitized directly from figure 16 of CQ).

The only unknown parameter in our model is the equilibrium contact angle ✓ . To
determine ✓ , we fitted the static meniscus shape in images of the original experiments
(kindly provided by Christophe Clanet) to numerical solutions of the Laplace–Young
equation. We found that ✓ = 13� minimizes the residual of this fit and so take ✓ = 13�

in all comparisons between theory and experiment reported in this paper.
Figure 2(a) shows a comparison between the numerical solution of our model and

the experimental results of CQ for the evolution of the meniscus height h

m

(t)= h(✏, t).
(Here, data for the two extremal cylinder radii presented by CQ, subject to ✏ ⌧ 1, are
used.) We see that the agreement between the model results and experiments is good,
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(Here, data for the two extremal cylinder radii presented by CQ, subject to ✏ ⌧ 1, are
used.) We see that the agreement between the model results and experiments is good,
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FIGURE 1. (a) Images from experiments reported by Clanet & Quéré (2002). Here, a
fibre of radius R = 0.225 mm touches the interface between air and hexane at t = 0 and
a meniscus rises around it. (Images courtesy of Christophe Clanet.) Sketches showing the
essential ingredients for determining the scaling of meniscus height h

m

with time t are
shown for the cases of (b) rise next to a vertical wall and (c) rise outside a circular
cylinder. The scaling laws for h

m

(t) are found by balancing the force due to the interfacial
tension, �

lv , with the rate of change of momentum of the meniscus. For details, see text.

2.1. Scalings for the dynamics of inertial rise

Motivated by their experimental observations, CQ assumed that the contact angle of
the liquid on the wetted body, ✓ in figure 1(b,c), is approximately constant during
the motion. Using this assumption, they presented scaling analyses for the inertia-
dominated dynamics in two particular geometries: (i) a meniscus next to a planar wall
(illustrated schematically in figure 1b) and (ii) a meniscus outside a vertical cylinder
(illustrated schematically in figure 1c). It is the latter case that is of primary interest
here, but we consider the former case first for pedagogical reasons.

Following CQ, we consider the force balance on a two-dimensional meniscus of
unit width (into the page): the vertical force driving the capillary rise is that from
surface tension, �

lv cos ✓ , while the inertia of the meniscus resists rise. Since the mass
of the meniscus is not constant (m ⇠ ⇢`hm

2 by the assumption of a constant contact
angle), Newton’s second law implies that �

lv cos ✓ ⇠ d(mḣ

m

)/dt. In scaling terms this
immediately yields

h

m

⇠ (�
lv/⇢`)

1/3
t

2/3. (2.1)

This is the well known capillary–inertia scaling first found by Keller & Miksis (1983).
In the case of an axisymmetric meniscus rising outside a circular cylinder, CQ

follow an argument along the same lines. Because of the finite radius of the cylinder,
however, the force from surface tension is now �

lvR cos ✓ , while the mass of the
meniscus is m ⇠ ⇢`hm

⇥ h

m

(R + h

m

). Assuming that h

m

� R and making use of
Newton’s second law again, we find

h

m

⇠ (�
lvR/⇢`)

1/4
t

1/2. (2.2)

While the form of the t

1/2 scaling in (2.2) may be familiar from the problem of
the surface-tension-driven coalescence of two liquid drops of radius R (see Duchemin,
Eggers & Josserand 2003, for example), there is no clear analogy between the two
problems. Indeed, in wedge retraction problems, the t

2/3 scaling of (2.1) is almost
generic and so the scaling (2.2) represents a novel twist. However, it is vital to note
that a key step in the derivation of (2.2) is the simplifying assumption (made only
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FIGURE 3. The utility of the family of similarity solutions for understanding numerical
results. (a) The interface profile plotted in similarity form for the Keller & Miksis (1983)
problem with ✓ = 80� (black dashed curve) and the solution of the linearized similarity
system (5.3)–(5.6) with different values of R = ✏/t

2/3. For the linearized problem, the
displacement may be rescaled arbitrarily; here (3.5) is replaced by ⌘⇢(0;R)=�1. (b) The
dependence of � on the contact angle ✓ for a plane, R = 1 (following Keller & Miksis
1983, for example). (c) Full numerical results for a range of cylinder radii collapse at
early times (t ⌧ 1 corresponds to R � ✏) onto the numerically determined solutions of
the similarity system (5.3)–(5.6) (black dashed curve). Here, ✓ = 85�. In these rescaled
variables, the CQ scaling (2.2) would require that ⌘(0;R)⇠R1/4, see (5.8). (d) Numerical
results with ✏ = 10�3 and different contact angles ✓ show qualitatively similar behaviour
but that the dependence on ✓ cannot simply be rescaled. Dashed lines show the predicted
behaviour when equilibrium is reached, t � 1, corresponding to h

m

= h

1
m

. Dash-dotted lines
show the value of �(✓) = h

m

/t

2/3 in the corresponding two-dimensional problem, which is
recovered in the limit t ⌧ 1, R � 1.

tend to the equilibrium rise height, h

1
m

, the rescaled height h

m

(t)/t

2/3 remains on a
master curve when plotted as a function of R. We therefore conclude that the family
of similarity solutions describes a universal dynamics that takes place after the initial
t

2/3 behaviour but before the meniscus approaches equilibrium. (We emphasize that
precisely the same data set is plotted in figure 4a,b.)

The collapse observed in figure 4(a) demonstrates that the cylinder radius R does
affect the evolution of the meniscus height and, further, that its effect as the rescaled
radius R = ✏/t

2/3 evolves is captured by the family of similarity solutions with the
appropriate value of ✓ . However, the observed collapse of the experimental data can
only be consistent with the CQ scaling law (2.2) if

⌘(0; R) ⇠ R1/4 (5.8)

for some values of R. To search for such a behaviour, we solve the linearized version
of the problem (5.3)–(5.6) using a finite difference scheme. (It should be noted that
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affect the evolution of the meniscus height and, further, that its effect as the rescaled
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appropriate value of ✓ . However, the observed collapse of the experimental data can
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FIGURE 4. The utility of the family of similarity solutions for understanding experimental
results (captured from figure 16 of CQ). (a) Experimental results (points) and the results
of the full numerical simulations with ✏ = 10�5, ✓ = 13� (solid curve) may be collapsed
onto a master curve by using the similarity rescaling (5.1). (b) A plot of the same data
points as in (a) but in the rescaling suggested by (2.2) shows good initial collapse that
breaks down later on.

to enable us to start with R = 1 we use the substitution S = 1/R starting with
S = 0 and solving the resulting problem using first-order finite differences on a
rectangular grid in the spatial variables ⇢ and ⇣ . We then step forward to consider
S > 0, using second-order differences in S .) The solution of this linearized problem
can be rescaled to give the results for any contact angle close to ✓ = p/2. The results
of this calculation agree well with the results of our full numerical simulations for
✓ = 85� (see figure 3c). Again, we do not see any indication that a scaling of the
form (5.8) is present.

6. Conclusions

We have presented a fluid-mechanical model for the inertial growth of a meniscus
external to a circular cylinder. Our potential flow model with a constant contact
angle is able to quantitatively reproduce previously published experimental data (CQ)
for a range of cylinder radii. We have assumed that inertia dominates viscosity and,
further, that the dynamic contact angle is equal to the static contact angle throughout
the motion. In reality these assumptions must break down at the very earliest times:
according to the similarity solution the viscous dissipation u

xx

/Re ⇠ t

�5/3/Re will, in
fact, dominate the inertial terms u

t

, uu

x

⇠ t

�4/3 for t . Re

�3 ⇠ 10�8 (corresponding to
t . 10�10 s in dimensional terms). Similarly, the undeformed interface must first react
to the touch down of the cylinder. After these earliest transients, but with t . ✏3/2,
the meniscus height grows like t

2/3 – the radius of the cylinder does not play a role
and the problem reduces to the two-dimensional one studied by Keller & Miksis
(1983). At later times the evolution of the meniscus height with time is governed
by a family of similarity solutions parametrized by the rescaled cylinder radius
R = ✏/t

2/3 = R

⇥
⇢`/(�lvt

2)
⇤1/3, provided that t ⌧ 1 (so that gravity may be neglected).

The introduction of the parameter R allows us to collapse previous experimental data
for the meniscus height with different cylinder radii onto a master curve.

Our analysis suggests that the scaling law (2.2) proposed by CQ rests on an implicit
assumption (that h

m

� R) that is not consistent with the behaviour of menisci growing
in the presence of gravity. (We emphasize that this inconsistency occurs only in the
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The collapse observed in figure 4(a) demonstrates that the cylinder radius R does
affect the evolution of the meniscus height and, further, that its effect as the rescaled
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2/3 evolves is captured by the family of similarity solutions with the
appropriate value of ✓ . However, the observed collapse of the experimental data can
only be consistent with the CQ scaling law (2.2) if
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for some values of R. To search for such a behaviour, we solve the linearized version
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to enable us to start with R = 1 we use the substitution S = 1/R starting with
S = 0 and solving the resulting problem using first-order finite differences on a
rectangular grid in the spatial variables ⇢ and ⇣ . We then step forward to consider
S > 0, using second-order differences in S .) The solution of this linearized problem
can be rescaled to give the results for any contact angle close to ✓ = p/2. The results
of this calculation agree well with the results of our full numerical simulations for
✓ = 85� (see figure 3c). Again, we do not see any indication that a scaling of the
form (5.8) is present.

6. Conclusions

We have presented a fluid-mechanical model for the inertial growth of a meniscus
external to a circular cylinder. Our potential flow model with a constant contact
angle is able to quantitatively reproduce previously published experimental data (CQ)
for a range of cylinder radii. We have assumed that inertia dominates viscosity and,
further, that the dynamic contact angle is equal to the static contact angle throughout
the motion. In reality these assumptions must break down at the very earliest times:
according to the similarity solution the viscous dissipation u

xx

/Re ⇠ t

�5/3/Re will, in
fact, dominate the inertial terms u

t

, uu

x

⇠ t

�4/3 for t . Re

�3 ⇠ 10�8 (corresponding to
t . 10�10 s in dimensional terms). Similarly, the undeformed interface must first react
to the touch down of the cylinder. After these earliest transients, but with t . ✏3/2,
the meniscus height grows like t

2/3 – the radius of the cylinder does not play a role
and the problem reduces to the two-dimensional one studied by Keller & Miksis
(1983). At later times the evolution of the meniscus height with time is governed
by a family of similarity solutions parametrized by the rescaled cylinder radius
R = ✏/t

2/3 = R

⇥
⇢`/(�lvt

2)
⇤1/3, provided that t ⌧ 1 (so that gravity may be neglected).

The introduction of the parameter R allows us to collapse previous experimental data
for the meniscus height with different cylinder radii onto a master curve.

Our analysis suggests that the scaling law (2.2) proposed by CQ rests on an implicit
assumption (that h

m

� R) that is not consistent with the behaviour of menisci growing
in the presence of gravity. (We emphasize that this inconsistency occurs only in the
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FIGURE 3. The utility of the family of similarity solutions for understanding numerical
results. (a) The interface profile plotted in similarity form for the Keller & Miksis (1983)
problem with ✓ = 80� (black dashed curve) and the solution of the linearized similarity
system (5.3)–(5.6) with different values of R = ✏/t

2/3. For the linearized problem, the
displacement may be rescaled arbitrarily; here (3.5) is replaced by ⌘⇢(0;R)=�1. (b) The
dependence of � on the contact angle ✓ for a plane, R = 1 (following Keller & Miksis
1983, for example). (c) Full numerical results for a range of cylinder radii collapse at
early times (t ⌧ 1 corresponds to R � ✏) onto the numerically determined solutions of
the similarity system (5.3)–(5.6) (black dashed curve). Here, ✓ = 85�. In these rescaled
variables, the CQ scaling (2.2) would require that ⌘(0;R)⇠R1/4, see (5.8). (d) Numerical
results with ✏ = 10�3 and different contact angles ✓ show qualitatively similar behaviour
but that the dependence on ✓ cannot simply be rescaled. Dashed lines show the predicted
behaviour when equilibrium is reached, t � 1, corresponding to h

m

= h

1
m

. Dash-dotted lines
show the value of �(✓) = h

m

/t

2/3 in the corresponding two-dimensional problem, which is
recovered in the limit t ⌧ 1, R � 1.

tend to the equilibrium rise height, h

1
m

, the rescaled height h

m

(t)/t

2/3 remains on a
master curve when plotted as a function of R. We therefore conclude that the family
of similarity solutions describes a universal dynamics that takes place after the initial
t

2/3 behaviour but before the meniscus approaches equilibrium. (We emphasize that
precisely the same data set is plotted in figure 4a,b.)

The collapse observed in figure 4(a) demonstrates that the cylinder radius R does
affect the evolution of the meniscus height and, further, that its effect as the rescaled
radius R = ✏/t

2/3 evolves is captured by the family of similarity solutions with the
appropriate value of ✓ . However, the observed collapse of the experimental data can
only be consistent with the CQ scaling law (2.2) if

⌘(0; R) ⇠ R1/4 (5.8)

for some values of R. To search for such a behaviour, we solve the linearized version
of the problem (5.3)–(5.6) using a finite difference scheme. (It should be noted that
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In limit              recover (true) similarity solution of KM83R = 1

This also suggests that at early times the experimental data (with different 
radii) should rescale onto a universal curve (for given contact angle)
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Finally, do not see any sign of Clanet & Quéré diffusive scaling
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(a) Illustration showing Galileo’s understanding that a dense object (CIOS) may float because of the volume of liquid displaced by the
meniscus (AICB). Panel a reproduced from Galilei (1663). (b,c) The equivalence demonstrated by Keller’s (1998) generalization of
Archimedes’ principle to incorporate surface tension. (b) The restoring forces that counteract the floating body’s weight, mg, comprise
a surface tension force per unit length γ, which acts parallel to the surface and normal to the contact line, and the buoyancy force
generated by hydrostatic pressure p acting normal to the wetted surface of the body. It is natural that the resultant buoyancy force from
hydrostatic pressure is equal in magnitude to the weight of liquid displaced by the wetted body ( gray shaded area). (c) Keller (1998)
showed that the total restoring force on a floating body (including that due to surface tension) is the weight of the entire volume of
liquid displaced by that body ( gray shaded area).

Whether to think of the additional force as coming from the weight of liquid displaced by the
meniscus or from the surface tension force acting on the body is therefore a matter of preference.
However, it is important to bear both points of view in mind. For example, if one thinks only in
terms of the force per unit length provided by surface tension, it is tempting to believe that having
a long, convoluted contact line will allow surface tension to provide arbitrarily large supporting
forces. Thinking instead in terms of the weight of liquid displaced makes it clear that this cannot
be the case, for reasons discussed below.

Although impressive for its time, Galileo’s intuitive understanding that the weight of liquid
displaced by the meniscus must balance the excess weight of a dense floating object misses an
important part of the story: Objects cannot lower themselves arbitrarily deep into the liquid and
hence displace an arbitrary amount of liquid in their meniscus. Instead, the shape of a meniscus,
z = h(x, y), for example, of a liquid with interfacial tension γ , density ρℓ, and subject to a gravi-
tational acceleration g, must be given by a solution of the Laplace-Young equation:

− ∇ · n = h/ℓ2
c , (1)

where ℓc = (γ /ρℓg)1/2 is the capillary length, and n = (−∇h, 1)/(1+|∇h|2)1/2 is the unit (outward
pointing) normal to the liquid surface (Finn 1986).

There are no general results that limit the maximum depth of a meniscus; indeed, for a meniscus
contained within a sufficiently tight corner, the meniscus depth may be unbounded (e.g., see
Finn 1986, p. 116). Nevertheless, in cases of practical interest, the maximum depth of a static
meniscus is a multiple of either the capillary length, ℓc , or the typical radius of the object, R,
whichever is smaller (Finn 1986, Lo 1983). Because the horizontal length scale over which a
meniscus decays is the capillary length ℓc , the typical weight of liquid displaced in the meniscus
scales as ρℓg min{R, ℓc }ℓ2

c . Hence, we expect that a solid object of density ρ s and typical radius R
can float only if ρs R3 ≤ αρℓ min{R, ℓc }ℓ2

c for some dimensionless constant α.
From this scaling, it is clear that objects with solid densities significantly larger than that of the

liquid can only float if R ≪ ℓc . In this case, flotation is possible provided that

ρs /ρℓ ≤ α(R/ℓc )−2 = αBo−1, (2)
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(a) Illustration showing Galileo’s understanding that a dense object (CIOS) may float because of the volume of liquid displaced by the
meniscus (AICB). Panel a reproduced from Galilei (1663). (b,c) The equivalence demonstrated by Keller’s (1998) generalization of
Archimedes’ principle to incorporate surface tension. (b) The restoring forces that counteract the floating body’s weight, mg, comprise
a surface tension force per unit length γ, which acts parallel to the surface and normal to the contact line, and the buoyancy force
generated by hydrostatic pressure p acting normal to the wetted surface of the body. It is natural that the resultant buoyancy force from
hydrostatic pressure is equal in magnitude to the weight of liquid displaced by the wetted body ( gray shaded area). (c) Keller (1998)
showed that the total restoring force on a floating body (including that due to surface tension) is the weight of the entire volume of
liquid displaced by that body ( gray shaded area).

Whether to think of the additional force as coming from the weight of liquid displaced by the
meniscus or from the surface tension force acting on the body is therefore a matter of preference.
However, it is important to bear both points of view in mind. For example, if one thinks only in
terms of the force per unit length provided by surface tension, it is tempting to believe that having
a long, convoluted contact line will allow surface tension to provide arbitrarily large supporting
forces. Thinking instead in terms of the weight of liquid displaced makes it clear that this cannot
be the case, for reasons discussed below.

Although impressive for its time, Galileo’s intuitive understanding that the weight of liquid
displaced by the meniscus must balance the excess weight of a dense floating object misses an
important part of the story: Objects cannot lower themselves arbitrarily deep into the liquid and
hence displace an arbitrary amount of liquid in their meniscus. Instead, the shape of a meniscus,
z = h(x, y), for example, of a liquid with interfacial tension γ , density ρℓ, and subject to a gravi-
tational acceleration g, must be given by a solution of the Laplace-Young equation:

− ∇ · n = h/ℓ2
c , (1)

where ℓc = (γ /ρℓg)1/2 is the capillary length, and n = (−∇h, 1)/(1+|∇h|2)1/2 is the unit (outward
pointing) normal to the liquid surface (Finn 1986).

There are no general results that limit the maximum depth of a meniscus; indeed, for a meniscus
contained within a sufficiently tight corner, the meniscus depth may be unbounded (e.g., see
Finn 1986, p. 116). Nevertheless, in cases of practical interest, the maximum depth of a static
meniscus is a multiple of either the capillary length, ℓc , or the typical radius of the object, R,
whichever is smaller (Finn 1986, Lo 1983). Because the horizontal length scale over which a
meniscus decays is the capillary length ℓc , the typical weight of liquid displaced in the meniscus
scales as ρℓg min{R, ℓc }ℓ2

c . Hence, we expect that a solid object of density ρ s and typical radius R
can float only if ρs R3 ≤ αρℓ min{R, ℓc }ℓ2

c for some dimensionless constant α.
From this scaling, it is clear that objects with solid densities significantly larger than that of the

liquid can only float if R ≪ ℓc . In this case, flotation is possible provided that

ρs /ρℓ ≤ α(R/ℓc )−2 = αBo−1, (2)
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CONCLUSIONS

• Keller’s Theorem shows the equivalence of two ways of thinking about 
forces from surface tension

• Can extend Keller & Miksis similarity solutions to problems with an 
intrinsic length scale, though it is hard to break the t2/3 scaling law

(Can choose whichever is most convenient, 
provided that you are logically consistent!)
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(a) Illustration showing Galileo’s understanding that a dense object (CIOS) may float because of the volume of liquid displaced by the
meniscus (AICB). Panel a reproduced from Galilei (1663). (b,c) The equivalence demonstrated by Keller’s (1998) generalization of
Archimedes’ principle to incorporate surface tension. (b) The restoring forces that counteract the floating body’s weight, mg, comprise
a surface tension force per unit length γ, which acts parallel to the surface and normal to the contact line, and the buoyancy force
generated by hydrostatic pressure p acting normal to the wetted surface of the body. It is natural that the resultant buoyancy force from
hydrostatic pressure is equal in magnitude to the weight of liquid displaced by the wetted body ( gray shaded area). (c) Keller (1998)
showed that the total restoring force on a floating body (including that due to surface tension) is the weight of the entire volume of
liquid displaced by that body ( gray shaded area).

Whether to think of the additional force as coming from the weight of liquid displaced by the
meniscus or from the surface tension force acting on the body is therefore a matter of preference.
However, it is important to bear both points of view in mind. For example, if one thinks only in
terms of the force per unit length provided by surface tension, it is tempting to believe that having
a long, convoluted contact line will allow surface tension to provide arbitrarily large supporting
forces. Thinking instead in terms of the weight of liquid displaced makes it clear that this cannot
be the case, for reasons discussed below.

Although impressive for its time, Galileo’s intuitive understanding that the weight of liquid
displaced by the meniscus must balance the excess weight of a dense floating object misses an
important part of the story: Objects cannot lower themselves arbitrarily deep into the liquid and
hence displace an arbitrary amount of liquid in their meniscus. Instead, the shape of a meniscus,
z = h(x, y), for example, of a liquid with interfacial tension γ , density ρℓ, and subject to a gravi-
tational acceleration g, must be given by a solution of the Laplace-Young equation:

− ∇ · n = h/ℓ2
c , (1)

where ℓc = (γ /ρℓg)1/2 is the capillary length, and n = (−∇h, 1)/(1+|∇h|2)1/2 is the unit (outward
pointing) normal to the liquid surface (Finn 1986).

There are no general results that limit the maximum depth of a meniscus; indeed, for a meniscus
contained within a sufficiently tight corner, the meniscus depth may be unbounded (e.g., see
Finn 1986, p. 116). Nevertheless, in cases of practical interest, the maximum depth of a static
meniscus is a multiple of either the capillary length, ℓc , or the typical radius of the object, R,
whichever is smaller (Finn 1986, Lo 1983). Because the horizontal length scale over which a
meniscus decays is the capillary length ℓc , the typical weight of liquid displaced in the meniscus
scales as ρℓg min{R, ℓc }ℓ2

c . Hence, we expect that a solid object of density ρ s and typical radius R
can float only if ρs R3 ≤ αρℓ min{R, ℓc }ℓ2

c for some dimensionless constant α.
From this scaling, it is clear that objects with solid densities significantly larger than that of the

liquid can only float if R ≪ ℓc . In this case, flotation is possible provided that

ρs /ρℓ ≤ α(R/ℓc )−2 = αBo−1, (2)
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(a) Illustration showing Galileo’s understanding that a dense object (CIOS) may float because of the volume of liquid displaced by the
meniscus (AICB). Panel a reproduced from Galilei (1663). (b,c) The equivalence demonstrated by Keller’s (1998) generalization of
Archimedes’ principle to incorporate surface tension. (b) The restoring forces that counteract the floating body’s weight, mg, comprise
a surface tension force per unit length γ, which acts parallel to the surface and normal to the contact line, and the buoyancy force
generated by hydrostatic pressure p acting normal to the wetted surface of the body. It is natural that the resultant buoyancy force from
hydrostatic pressure is equal in magnitude to the weight of liquid displaced by the wetted body ( gray shaded area). (c) Keller (1998)
showed that the total restoring force on a floating body (including that due to surface tension) is the weight of the entire volume of
liquid displaced by that body ( gray shaded area).

Whether to think of the additional force as coming from the weight of liquid displaced by the
meniscus or from the surface tension force acting on the body is therefore a matter of preference.
However, it is important to bear both points of view in mind. For example, if one thinks only in
terms of the force per unit length provided by surface tension, it is tempting to believe that having
a long, convoluted contact line will allow surface tension to provide arbitrarily large supporting
forces. Thinking instead in terms of the weight of liquid displaced makes it clear that this cannot
be the case, for reasons discussed below.

Although impressive for its time, Galileo’s intuitive understanding that the weight of liquid
displaced by the meniscus must balance the excess weight of a dense floating object misses an
important part of the story: Objects cannot lower themselves arbitrarily deep into the liquid and
hence displace an arbitrary amount of liquid in their meniscus. Instead, the shape of a meniscus,
z = h(x, y), for example, of a liquid with interfacial tension γ , density ρℓ, and subject to a gravi-
tational acceleration g, must be given by a solution of the Laplace-Young equation:

− ∇ · n = h/ℓ2
c , (1)

where ℓc = (γ /ρℓg)1/2 is the capillary length, and n = (−∇h, 1)/(1+|∇h|2)1/2 is the unit (outward
pointing) normal to the liquid surface (Finn 1986).

There are no general results that limit the maximum depth of a meniscus; indeed, for a meniscus
contained within a sufficiently tight corner, the meniscus depth may be unbounded (e.g., see
Finn 1986, p. 116). Nevertheless, in cases of practical interest, the maximum depth of a static
meniscus is a multiple of either the capillary length, ℓc , or the typical radius of the object, R,
whichever is smaller (Finn 1986, Lo 1983). Because the horizontal length scale over which a
meniscus decays is the capillary length ℓc , the typical weight of liquid displaced in the meniscus
scales as ρℓg min{R, ℓc }ℓ2

c . Hence, we expect that a solid object of density ρ s and typical radius R
can float only if ρs R3 ≤ αρℓ min{R, ℓc }ℓ2

c for some dimensionless constant α.
From this scaling, it is clear that objects with solid densities significantly larger than that of the

liquid can only float if R ≪ ℓc . In this case, flotation is possible provided that

ρs /ρℓ ≤ α(R/ℓc )−2 = αBo−1, (2)
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