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Topics	  for	  discussion	  
Uncertainty	  Quan$fica$on	  	  
•  Inverse	  problems	  –	  simultaneous	  formula$on	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  –	  sequen$al	  assimila$on	  
	  
Uncertainty	  Management	  	  
•  The	  stochas$c	  control	  problem	  

• 	  	  	  Model	  predic$ve	  control	  

• 	  	  	  Compu$ng	  policies	  

• 	  	  	  Discussion	  

• 	  	  	  References	  
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State vector:    ϕ n=(ϕ n
1,ϕ

n
2,...,ϕ

n
K )  at time tn = nτ

   'Forward dynamical model'  Gi (ϕ
n,ϕ n−1,cn ) = 0

where the cn  = a vector of controls, supposed known for UQ

Suppose  ∃  F  such that ϕ n = F(ϕ n−1,cn )

and F−1  such that  ϕ n−1 = F−1(ϕ n,cn )    (inverse function)

Note that  Gi (ϕ
n,ϕ n−1,cn )  = ϕi

n −ϕi
n−1      for parameters

UQ:	  The	  Forward	  model	  
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UQ:	  The	  Observa$on	  model	  

Simulation of the observing apparatus:
snk = hk (ϕ

n )+σ kξk
n       observe at discrete times

and ξk
n ~ N(0,1) iid

  
Let Sn = (s0, s1, s2,..., sn ) 
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UQ:	  The	  Observa$on	  model	  

π (sn |ϕ n ) = zexp −
1

2σ k
2 (ϕk

n − skn
k∑ )2

#

$
%

&

'
(

z =   a generic normalisation constant 
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UQ:	  The	  main	  problems	  

The 'smoothing problem'

            Given π (ϕ 0 )  compute  π (ϕ 0 | SN )

The 'filtering problem'

            Given π (ϕ 0 )  compute  π (ϕ N | SN )

7/17	  

The	  problems	  involve	  compu$ng	  a	  posterior	  pdf	  given	  a	  prior,	  a	  model	  and	  observa$ons.	  



UQ:	  Formula$on	  of	  the	  smoothing	  problem	  
Suppose that ϕ n = F(ϕ n−1,cn )  implies  ϕ n = F (n) (ϕ 0,c1:n ) 
for given controls with F (0)(ϕ 0 ) =ϕ 0

π (ϕ 0, SN ) = z exp[− 1
2σ k

2
k
∑ (hk (ϕ

n )− sk
n )2 ]

m=0

N

∏ π (ϕ 0 )

Gaussian approximation

J(ϕ 0 ) = − ln(π (ϕ 0, SN )) = 1
2σ k

2
k
∑ (hk (ϕ

n )− sk
n )2 − ln(π (ϕ 0 ))

⌣
ϕ 0 = argmin J(ϕ 0 )

Lij =
∂2J

∂ϕi
0∂ϕ j

0
⌣ϕ0

               C = L−1  for the covariance

See	  publica$ons	  by:	  
O.	  Gha_as	  &	  T.	  Bui-‐Thanh	  
UT	  Aus$n	  
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UQ:	  Formula$on	  of	  filtering	  (in	  principle)	  

9/17	  

The 'particle filter' 

π (ϕ 0 ) = ar
oδ(ϕ 0 −ϕ 0

r )
r=1

R

∑       where  ϕ 0
r ~ π 0 (ϕ 0 )  and  ar

o =
1
R

Suppose π (ϕ n−1 | Sn−1) = ar
n−1δ(ϕ n−1 −ϕr

n−1)
r
∑

π (ϕ n, sn | Sn−1) = ar
n−1 exp[− 1

2σ k
2

k
∑ (hk (ϕ

n )− sk
n )2 ]δ(ϕ n −ϕr

n )
r
∑

where ϕr
n = F(ϕr

n−1,cn )  

π (ϕ n | Sn ) = ar
nδ(ϕ n −ϕr

n )
r
∑

where ar
n =

⌣ar
n

⌣ar '
n

r '
∑

   and ⌣ar
n = ar

n−1 exp[− 1
2σ k

2
k
∑ (hk (ϕr

n )− sk
n )2 ]

See	  Evensen	  2009	  



UQ:	  Formula$on	  of	  filtering	  (prac$cal	  approach)	  
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The 'ensemble variational filter' 

Let  π g(ϕ |ϕ,L) = zexp[− 1
2

(ϕ −ϕ )'L(ϕ −ϕ )]

π (ϕ 0 ) = ar
oπ g(ϕ

0 |ϕr
0,RLr

0 )
r=1

R

∑       where  ϕ 0
r ~ π 0 (ϕ 0 ),  

       ar
o =

1
R

 and Lr
0 = inverse prior cov.

Suppose π (ϕ n−1 | Sn−1) = ar
n−1π g(ϕ

n−1 |ϕr
n−1,RLr

n−1)
r
∑

Let Jr
n (ϕ n ) = 1

2σ k
2

k
∑ (hk (ϕ

n )− sk
n )2 ]+ R

2
(F−1(ϕ n,cn )−ϕr

n−1)'Lr
n−1(F−1(ϕ n,cn )−ϕr

n−1)

ϕr
n = argmin

ϕn
Jr
n (ϕ n ),   ϕ n = ar

oϕr
n

r=1

R

∑ ,    α 2
i = ar

o(ϕi
n −ϕr,i

n

r=1

R

∑ )2

Lr,ij
n = (Ar 'Lr

0Ar )ij  +
δij
α 2

i

 where  Ar,ij =
∂Fi

−1(ϕ n,cn )
∂ϕ j

n
ϕr
n

Main	  heuris$c,	  	  	  clf	  2014	  



UM:	  Formula$on	  of	  stochas$c	  control	  
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Suppose :    Gi (ϕ
n,ϕ n−1,cn ) = 0

snk = hk (ϕ
n )+σ n

kξk
n       where ξk

n ~ N(0,1)

For given c1:n, ∃  F (n)  s.t.  ϕ n = F (n) (ϕ 0,c1:n )

Suppose c0  and σ 0  are the initial settings of the controls 

Let γ N = [γϕ
n
∑ (ϕ n )+γc (c

n,cn−1)+γσ (σ n,σ n−1)]

e.g. γu =κu(c
n − cn−1)2   and  γσ =

κσ ,0

σ n +κσ ,1(σ
n −σ n−1)2

for some positive constants  κu, κσ ,0   and  κσ ,1



UM:	  The	  stochas$c	  control	  problem	  
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Seek control policy functions !un, !σ n :    
cn = !cn (Sn−1), σ n = !σ n (Sn−1)

Such that
{!cn, !σ n}n=0

N  = argmin
{ !cn , !σ n}

 γ N

where
γ N =

[γϕ
n=1,N
∑ (ϕ n )+γc (c

n,cn−1)+γσ (σ n,σ n−1)]π (ϕ 0 )∫ π (ξ1:N−1)dϕ 0dξ1:N−1

For	  a	  discussion	  of	  policy	  func+ons	  see:	  	  
W.B.	  Powell,	  	  ‘Clearing	  the	  jungle	  of	  stochas$c	  op$miza$on’	  
h_p://castlelab.princeton.edu	  



UM:	  Stochas$c	  model	  predic$ve	  control	  
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MPC:  At each time tn

Suppose that for times 1: (n−1)
The policy values σ 1:n−1, c1:n−1    have been applied

Solve the filtering problem for π (ϕ n−1 | Sn−1) and sample for
ϕr

n−1 ~ π (ϕ n−1 | Sn−1) 
Then compute new policy values  un:N  such that

cn:N = argmin
cn:N

ar
n−1γϕ (ϕr

m )( )+γc (cm,cm−1)
r
∑
#
$
%

&
'
(m=n

N

∑

with ϕr
m  understood as functions of ϕr

n−1  and the controls  cn−1:N

Apply the controls cn  only at time n (i.e. discard the later controls)
 and make the observation of sn.



UM:	  Beyond	  model	  predic$ve	  control	  
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Problem A:  
Within MPC with constant control parameters, how do we find
                         an optimal observation variance, σ n?

Problem B: Compute linear control functions in a similar way
    -- using an ensemble to estimate the mean cost

!cn = c0
n + c1

n. sn

!σ n =σ 0
n +σ1

n. sn

and so on.
 



Discussion	  

•  Smoothing	  and	  filtering	  problems	  can	  be	  solved	  fairly	  well	  using	  Bayesian	  formula$ons	  
	  	  	  	  	  	  	  and	  op$misa$on	  methods	  using	  adjoint	  techniques.	  
	  
•  Control	  problems	  are	  very	  challenging.	  We	  can	  formulate	  them	  but	  to	  go	  beyond	  
	  	  	  	  	  	  	  MPC	  for	  large-‐scale	  engineering	  or	  geoscience	  problems	  is	  an	  outstanding	  challenge	  
	  	  	  	  	  	  	  to	  us	  all.	  
	  
	  
	  
We	  could	  also	  consider	  the	  topics	  of:	  
	  	  	  
	  	  How	  to	  keep	  all	  matrices	  sparse	  and	  avoid	  any	  matrix	  inversions	  (e.g.	  clf	  2007)	  
	  	  Stochas$c	  dynamical	  systems	  	  
	  	  Robust	  control	  
	  	  Forecast	  evalua$on	  
	  	  Model	  sensi$vity	  
	  	  Model	  cri$cism	  and	  comparison	  
	  	  Mul$-‐objec$ve	  op$misa$on	  (Pareto	  fronts)	  
	  	  Adap$ve	  management	  
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UM:	  	  Extra	  slides	  

Analy$cal	  solu$on	  of	  a	  one-‐step	  stochas$c	  control	  problem	  for	  
the	  logis$c	  map.	  
	  
This	  is	  equivalent	  to	  a	  decision	  problem	  where	  we	  need	  to	  decide	  
what	  measurement	  to	  make	  before	  making	  it,	  and	  then	  observing	  
and	  then	  seqng	  the	  control	  on	  the	  basis	  of	  the	  feedback	  from	  the	  
measurement.	  

UM:	  1/7	  



Example:	  One-‐step	  stochas$c	  control	  of	  the	  logis$c	  map	  
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But as we do not know  x0  very well we do not know  x .  
 
So what should we do? 
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Example:	  One-‐step	  stochas$c	  control	  of	  the	  logis$c	  map	  
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Example:	  One-‐step	  stochas$c	  control	  of	  the	  logis$c	  map	  
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Example:	  One-‐step	  stochas$c	  control	  of	  the	  logis$c	  map	  

prior ~ ),(                     

likelihood~),(  :Remember

 and

 where

)36(
))(1(),(

: thatshowcan  one s variationof calculus  theUsing

2
0

2
0

22

22

22

4224

22
1

λ

λ

λ
κ

λ
λ

κκγβ
κγβ

qxN
vxsN

v
v
v
qvsa

aa
azusvu

−

−

+
=

+

+
=

+++

+−+
= −

UM:	  5/7	  



s	  

v	  
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Control	  policy	  for	  the	  logis$c	  map	  
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Cost-‐to-‐go	  for	  the	  logis$c	  map	  by	  numerical	  integra$on	  

)(* vJ

v
curve  theof minimum at the is *)*,( Jv
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UQ:	  	  Extra	  slides	  

Applica$on	  of	  the	  ensemble	  varia$onal	  filter	  to	  the	  filtering	  problem	  
on	  the	  Lorenz-‐96	  equa$ons	  

UQ:	  1/10	  



UQ:	  	  Numerical	  example:	  Lorenz	  96	  
dui
dt

= 0    : 'reality' and forward model

dvi
dt

= (vi+1 − vi−2 )vi−1 − vi (κ + e
ui )+Wi      : 'reality' and forward model

ϕ = (u,v)

Reality:  
ui = 0.5 +  0.2 sin( 0.3 i ) +  0.02 (0.5 -  ζ 'i );       Wi =  10.0
vi (0) =10 + 2ζ ''i                                               ζ 'i,ζ ''i ~ N(0,1) iid
No parameters are observed. 1000 equilibration steps before observing
Observe variables with σ 2

i = 0.01
Initialised with random sampling. Window: w(R) =  R0.1

Cor. lengths. 4.0 (parms) & 0.1 (vars) Init. var 1.0 parm and 10.0 var
Implicit Euler, time step = 0.01 between obs and for dynamics 

See	  Yang	  &	  DelSole	  
2009,	  2010	  for	  
related	  work	  

UQ:	  2/10	  
Yang,	  X.,	  and	  DelSole,	  T.	  2009	  Using	  the	  ensemble	  Kalman	  Filter	  to	  es$mate	  mul$plica$ve	  	  model	  parameters.	  Tellus,	  61,	  pp	  601-‐609.	  
DelSole,	  T.	  and	  Yang,	  X.	  2010	  State	  and	  parameter	  es$ma$on	  in	  stochas$c	  dynamical	  models.	  	  Physica	  D,	  239,	  pp	  1781-‐1788.	  



‘Valida$on’:	  R	  =	  8.	  Observe	  all	  variables	  
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R	  =	  8.	  Observe	  each	  7th	  variable	  
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R	  =	  8.	  Observe	  each	  7th	  variable	  
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Root	  mean	  square	  distance	  of	  ensemble	  members	  (green)	  and	  the	  mean	  (blue)	  	  
from	  the	  truth	  plo_ed	  against	  $me	  
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The	  ensemble	  varia$onal	  filter	  
The	  value	  of	  Implicit	  Euler	  $me	  discre$sa$on	  

time step τ
ϕ n =ϕ n-1 +τ f (ϕ n )

One finds: F−1(ϕ n ) =ϕ n −τ f (ϕ n )

Also: Aij
n = δij −τ

∂fi (ϕ
n )

∂ϕ j
n

 dϕi

dt
= fi (ϕ, t) 
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The	  ensemble	  varia$onal	  filter	  

⌣ar
n = ar

n−1 | Lr
n−1 |1/2

| Lr
n |1/2 exp(−Jr

n (ϕr
n ))       

ar
n   = εw

1
R
+ (1−εw )

⌣ar
n

⌣ar
n

r
∑

Heuris$c	  for	  upda$ng	  the	  weights	  

Stordal	  et	  al	  2011	  
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Varia$onal	  Smoothing	  Filter	  

1.    Lnij,r =  ∂
2Jr

n (ϕ n )
∂ϕi

n∂ϕ j
n

ϕr
n

= piδij + (Aim,r
n Ln−1

mk,rAkj,r
n

mk
∑ −τ

∂2 fm (ϕi
n )

∂ϕi,r
n ∂ϕ j,r

n Ln−1
mk,r (ϕk,r

n −τ fk (ϕr
n )−ϕk,r

n−1))

2.   Approximate  | Lr
n−1 |1/2

| Lr
n |1/2  ≈1  

3.   Reset  Lnij,r = (Ar
nTLr

0Ar
n )i, j +

w(R)δij
ε + vari

 every time step

       where w(R) is a slowly increasing function of R and
         vari =  empirical, ensemble variance of the ensemble {ϕr

n}

All	  of	  the	  component	  
	  matrices	  are	  sparse	  

Upda$ng	  the	  precision	  matrices	  

Main	  heuris$c	  
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Choosing	  L0	  	  via	  local	  random	  fields	  –	  for	  sparsity	  
clf	  	  2007	  

Helmholtz Green's 
functions

g(r) = e
−r a

b

4πrb
     3D

g(r) = e
−r a

b

4 ab
    1D

  

Q(ψ) = 1
2

[aψ 2∫ + b(∇ψ)2 + c(∇2ψ)2 ]dω =
1
2

[ψLψ∫ ]dω

where  L = a− b∇2 + c∇2∇2

π (ϕ ) = zexp(−Q(ϕ −ϕ ))

g(x − y) := ϕ(x)ϕ(y) Theorem : Lg(x − y) = δ(x − y)

After discretisation Lij  is sparse and C  =  (L)-1  is the covariance matrix

L = a− b∇2    - the 'Helmholtz precision matrix' - is particularly convenient
and was used in the numerical experiments on Lorenz-96
Set  Lr

0 = wL   for  some  'sharpness control' w that increases with R
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‘Valida$on’:	  Observe	  all	  variables	  
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Approximate	  sparse	  precision	  matrix	  
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