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Leaf venation Slime mold growth and railway networks

E. Katifori et al: Damage and Fluctuations Induce Loops in Optimal Transport Networks, Phys Rev Letters 104: 048704 (2010). (left Fig.)
A. Tero et al: Rules for Biologically Inspired Adaptive Network Design, Science 327: 439-442 (2010). (right Fig.)
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Microscopic flow model
» Given network with nodes v; € V and

edges ¢; € [E. 0

» [E models vessels/veins. \

> In edge e; = (J, k) between v; and v, &

we have a flow
OIEOZE0
Q= CIAP = C,-(P/' — Pk)

€4
> C; > 0 vessel conductivity at edge e;.

> P; pressure at node v;.

» AP; pressure drop at edge e;.

A. Tero et al: Rules for Biologically Inspired Adaptive Network Design, Science 327: 439-442 (2010).
D. Hu, D. Cai: Adaptation and Optimization of Biological Transport Networks, Phys Rev Letters 111: 138701 (2013).
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Example: Hagen-Poiseuille flow (laminar flow)

» Small vessels (diameter D; < 0.6mm)’

_ wD} AP,
1281 L

7 is the blood viscosity, L; length of vessel e;.

> Leaf venation?: Leaf vein consists of a bundle of small tubes with
similar diameter. Thus

i

nis the number of tubes Cy and Dy are the conductance and diameter
of a single tube.

"AR. Pries, TW. Secomb, P. Gaehtgens: Structural adaptation and stability of microvascular networks: theory and simulations. Am J
Physiol Heart Circ Physiol 275: H349-H360 (1998).

2D. Hu, D. Cai: Adaptation and Optimization of Biological Transport Networks, Phys Rev Letters 111: 138701 (2013).
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Microscopic flow distribution

> Kirchhoff law:
Sum of incoming fluxes = Sum of outgoing fluxes.

> At node v; we have

Z Q,' = .

vi:ei=(j,k)EE

» s; allows modeling of sources and sinks for the flow.
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Towards a macroscopic flow model

v

C; are scalars. What about the orientation of the vein?
Main flow is in direction v; of the vein e;, (Jv;| = 1)
AP;
Q,' Vi = L,-C,'iL .

i

v

> No flow perpendicular to v;

Q,"V-LZO.

1

v

Setting m = /L;C,v;, we obtain on the macroscopic level
Q(x) = (r(x)l + m(x) ® m(x))Vp(x).

» r(x) models background permeability.® 4

saG. Albi, M. Artina, M. Fornasier, P. Markowich: Biological transportation networks: modeling and simulation (2015).

4S. Whitaker: Flow in Porous Media I: A Theoretical Derivation of Darcy's Law, Transport in Porous Media 1:3-25 (1986).

Matthias Schlottbom



WESTFALISCHE
WILHELMS-UNIVERSITAT
MUNSTER Biological Transportation Networks

9

Towards a macroscopic pressure model

> Kirchhoff's law 3, .. _; )er Qi = ;.

» Continuous interpretation

/ n~Od(9V=—/SdX.
v v

» Using Q = (r+m® m)Vp, we obtain

()

—div((rr+m®m)Vp) =S + B.C.

(2
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Network adaptation process

> The network will minimize its “costs™:

E = pumping power + maintaining costs.
» Joule’s law:
power = potential - current = Vp- Q = r|Vp|? + |m- Vp|?.
» Maintaining costs |m|?”.

» ~ = 1/2 for blood vessel systems.
» 1/2 <~ < 1 for leaf venation.

5p. Hu, D. Cai: Adaptation and Optimization of Biological Transport Networks, Phys Rev Letters 111: 138701 (2013).

MUNSTER Biological Transportation Networks
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Continuous adaptation model

> Adaptation energy

|m[*

min Ex(m) = | /Q E(r|Vp(m)P + [m- Vo(m)P) + ™ gy,

where p = p(m) solves

—div((+m® m)Vp) =S + B.C.

» Adaptation and formation energy

|m[*

1
E(m) — 2/QDzlvm‘z‘Fsz’VP(m)\z—l-Cz]mVp(m)\z—i—mdx

1
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Minimization via evolution
Consider the L2-gradient flow

my = —VE(m)
This leads to the system (y > 1/2)
—div((r+m® m)Vp) =S inQx(0,T)+ B.C.,
m — DPAm = *Vp® Vom — [mPP0"m, inQ x (0, T),
m=0 ondQ x (0,7T),
m(t=0)=m’ inQ.
Fory =1/2,
m; — D*Am — ¢*Vp® Vpm € OR(m), inQ x (0, T),

where OR(m) is the subdifferential of ||m||,1(q).

Matthias Schlottbom
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Analysis
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Analytical results
Lety > 1/2,S € [3(Q) and m° € H}(Q)? N L27(Q). Then there exists
a global weak solution (m, p[m]) with E(m) € L°°(0, c0) and with

m € L°°(0, 00; Hy (2)) N L>(0, o0; L27(Q)),
orm € 2((0,00) x Q),
Vp € (0, 00; L3(Q)),
m-Vp € L2(0,00; L3(Q)).

Moreover,

E(m(t)) + /Ot/Q |0ym(s, x)|[Pdxds < E(m°)  forall t > 0.

J. Haskovec, P. Markowich, B. Perthame: Math. Anal. of a PDE System for Biol. Netw. Formation, Comm. PDEs 40:5, 918-956 (2015).
J. Haskovec, P. Markowich, B. Perthame, M. Schiottbom: Notes on a PDE System for Biological Network Formation (2015).

14
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Analytical results 2

» The energy is non-convex in general.®

» Many stationary states.

» For v < 1/2 the solutions of the evolution equation will approach zero
in finite time”, i.e. finite-time breakdown.

5a. Albi, M. Artina, M. Fornasier, P. Markowich: Biological transportation networks: modeling and simulation (2015).

7J. Haskovec, P. Markowich, B. Perthame, M. Schiottbom: Notes on a PDE System for Biological Network Formation (2015).
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Numerics
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Mixed formulation

Setting 0 = Vm, we consider

—div((lr+m®@m)Vp) =8 inQ x (0, T),
p=0 onl x(0,7),
n-(M+memVp=0 ondQ\Tl x(0,7),
dm — D?dive = A(Vp @ Vp)m — |mPP0"Im inQ x (0, T),
c—Vm=0 inQx(0,T),
m=0 ondQ x (0,T),

with m(t = 0) = m® in Q.

Matthias Schlottbom
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Weak mixed formulation
Find
(p,m,a) € L0, T; H ((R2)) x L2(0, T; L2(Q)?) x L2(0, T; H(div)?)
s.t.

/(rl+m®m)Vp-qux—/Squ,
Q Q

/ Oym - v dx —/ D?divo - vdx = / ty,o(m, Vp) - vdx,
Q Q Q

/o-,udx—l—/m-divudxzo,
Q Q

forall (g, v, i) € H(1,7r(§2) X LZ(Q)Z « H(div)z, m(t = 0) = 0 in Q.
fr.e(m, Vp) = #(Vp @ Vp)m — [mZ0~m,

where |m|, = \/mi + m3 + p.

Matthias Schlottbom
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Space discretization — approximation spaces

> Lagrangian finite elements, i.e. continuous, piecewise linear functions
p~pn€Py={qeC'Q): a7 € PI(T)VT € Th, Vhir = 0}.
> Piecewise constant functions
m~ my € My = {vy € L*(Q) : viyr € Po(T) VT € Tp}?.
» Raviart-Thomas elements

o~ op € Vi ={pn € H(div) : pyr € Po(T)?+xPo(T)VT € Tp}.

Matthias Schlottbom
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Galerkin semi-discretization
Find (ph, mn, o) € L°(0, T; Pp) x L2(0, T; M2) x L2(0, T; V&) sit.
/(I’/ + mh(t) X mh(t))Vph(t) . thdx = / thdX7
Q Q
/ 8,mh(t) cVp — DzdiVO'h(t) s vpdx = / f%c(mh(t), Vph(t)) . Vth,
Q Q
/ O'h(t) . ,uth +/ mh(t) . diV,uth = 0,
Q Q

for all (qn, Vh, ftn) € Pn X M2 X V2 and mp(t = 0) = mQ in Q.

20
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Time discretization: IMEX Euler scheme

» Leto = < t' < ... <" = T be a partition of [0, T].
> mf &~ mp(t9), pf ~ pp(t) and of = on(t¥), 0 < k < K.
> time-stepping scheme

/Q(r/+ miy @ my)Vph - Vg = /qu”’

/Q(m,;;+1 — & DPdivay ) vy = /Q (s + 6"ty o(mh, Vog)) - v

/ opt +/ mp - divp, =0,
Q Q

for all (qn, Vh, ttn) € P X M2 x V2, and 6K = tk+1 — ¢k,
> uf = (rl+ mk @ mf)Vpk is the flow.

Matthias Schlottbom
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Issues for time-stepping schemes

v

—D?Amis stiff ~ implicit treatment.

c?Vp ® Vp has eigenvalues 0 and ¢?|Vp|?.
> ¢?|Vp[? > 1 ~ implicit treatment ?
> linearization errors ~» &% < 1.

v

|m|20=" m is non-differentiable for y < 1, ~ order of the method?
Overall guideline: E(mf™") < E(mf).

v

v

22
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Example

P @0 gamma=0.6 109, lul €0 gamma=0.6.

B K4

Th contains 102, 905 vertices and 204, 544 triangles, i.e. h & 0.0032. Set
1 1

S=1, r=—, ¢=50, D=——, p=10"%,
10 1000
1, x<0.3and|y| <0.0125
m(x)=4" "7 = ’ m3 = 0.
0, else,

23
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Initial pressure: max c¢|Vp| = 7926.36

|grad p| @0 gamma=0.75
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Near stationary state; v = 1

Iog]_0 |u] @140.3437 gamma=1

15

Energy

0.5 0 107 107 100 100 100 10
. Time
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Near stationary state; v = 3/4

Iog10 lu]| @131.7063 gamma=0.75

Energy

Biological Transportation Networks

10

10°

102

10!
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Near stationary state; v = 3/5

I°g1o |u] @121.5026 gamma=0.6

107 10
Time

107 10
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Comparison mesh dependency; v = 1/2

log, , |u] @34.5683 D=0.001 log, , |u] @34.5179 D=0.001

D <1 ~- microscopic effects defined by the underlying triangulation.

29
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Comparison mesh dependency diffusion

log, , lu| ©14.6883 D=0.1 log, , lu] @32.333 D=0.01 log, , |ul @34.5683 D=0.001
1

1 1
08 ¥
05
04
02 :
. 4
02 0. r
04 K K
06 0. S K
08 « K
710 05 1 15 2 e 710 05 1 15 2 h b

D = 1/10, D = 1/100, D = 1/1000.

30
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Other schemes
» higher-order IMEX schemes: @ ?

> treat £, .(m, Vp) explicitly.
> at each stage evaluate f%c(m, Vp) (solve PDE for{g).

910

|u| @22.1115 gamma=0.75

» Implicit integrating factor method (lIF): ©
> treats Am exactly (matrix exponential).

treats £, .(m, Vp) implicitly.

> updates require nonlinear solver.

» fixed-points ~~ contraction property.

15

v

05

» Other splittings (future work). Split

> Am, cVp ® cVp: stiff, but differentiable.
» |m|?7: convex optimization (y = 1/2: shrinkage).

IIF, D = 1/400, r = 3/4.
4U.M. Ascher, S.J. Ruuth, R.J. Spiteri: Implicit-explicit Runge-Kutta methods for time-dependent PDEs, APNUM 25 (1997): 151-167

T Koto: IMEX Runge-Kutta schemes for reaction-diffusion equations, J. Comp & Appl Math 215 (2008):182-195

°Q. Nie, Y.-T. Zhang, R. Zhao: Efficient semi-implicit schemes for stiff systems, JCP 214 (2006): 521-537
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Conclusions

v

Derived a model for network adaptation and formation.

v

Proposed a numerical method for simulation.

v

First numerical results show the potential of the model.

v

For small diffusion, it is likely that we solve a microscopic model.

Open/Future work
» More efficient numerical schemes.
> Regularity of the continuous solution.

» Source identification.

32
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